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Introduction

During the previous decade, the Russian housing market was affected by two events. First,
the worldwide financial crisis caused housing prices to fall by 30% in September 2009 compared
with prices in July 20083. The volume of loans issued in 2009 fell to 25% of the level of 2008.
Secondly, Agency of Housing Mortgage Lending (AHML), the state-owned mortgage provider,
increased the volume of mortgages issued by 120% from 2006 to 2012 without any spillover during
the crisis* and now holds 7-12% of the market share. This means that demand for government-
issued loans is rising despite the rises and falls in the economy and financial markets.

When applying for an AHML loan the potential borrower chooses whether to have
government loan insurance in case of delinquency, along with other mortgage terms. If loan-to-
value ratio (LTV) is more than 70% then the loan must be insured. While credit risk in the Russian
residential mortgage market has been stable over the past 8 years and the mean probability of
default varied from 4 to 5%°, government-insured AHML loans performed substantially worse and
showed a 16% probability of default. This means that government insurance covers potential losses
from such loans and may affect its approval process.

We are interested in the conditions leading to having a government-insured loan, its
performance and the underwriting process of such loans. In this paper, we will estimate the demand
function for AHML loans and the probability of default equation taking into account the personal
characteristics of the borrower and their choice of mortgage contract terms. We also control for
the selection bias which arises during the underwriting process.

This paper uses unique loan-level data on applications, contract terms and the performance
of mortgages from one regional AHML subsidiary. We use a nonparametric sequential estimation
approach in order to control for endogeneity in contract terms and the selection process by bank
and borrower.

Next section describes borrowing process in AHML and modeling issues. Section 3 details
the data. Section 4 contains the econometric model. Section 5 describes the results of estimation.

Section 6 concludes.

3 By the Indicators of housing market’s Price Index, www.irn.ru
4 Agency of Housing Mortgage Lending data, www.ahml.ru
5 Agency of Housing Mortgage Lending data, www.ahml.ru
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Theoretical background

The demand for mortgages from a particular bank is usually dependent on the probability
of taking a loan, its size, the characteristics of a potential borrower, the credit terms and the
strategies of other banks (Ozhegov, 2014).

This research analyzes the demand for mortgages from a Russian regional bank which
offers mortgage programs developed by AHML. AHML is a fully state-owned company which
develops mortgage programs for special groups of borrowers (“young families”, “young teachers”,
“soldiers” and so on) and higher risk borrowers who are unable to get a mortgage from commercial
banks. These programs are developed for commercial banks. If a bank issues a mortgage on the
AHML program with documentation satisfying the “AHML Standards”, then this loan will be
automatically refinanced by AHML. The bank is paid a fixed reward.

The borrowing process has 4 steps:

1. Application

A potential borrower chooses a credit organization and credit program that reflects their
preferences, fills out an application form with their demographic and financial characteristics.

2. Approval

Considering the application and recent credit history, the credit organization approves or
disapproves the application, inquires the form data. When approving a particular borrower, the
credit organization sets the limit of loan amount.

3. Contract agreement and choice of credit terms

The approved borrower chooses a contract agreement, a particular property to buy and
credit terms: loan amount, downpayment, monthly payment, maturity, and government insurance
in case of insolvency. As mentioned, if LTV is 70% or more, then the loan must be insured. The
interest rate is determined by the credit program and depends on the other terms.

4. Performance of loan

The borrower chooses to repay the loan according to the contract, or deviates from it in
some way: becomes delinquent and defaults, or prepays and refinances the loan.

Traditional models for demand estimation on the residential mortgage market used a
parametric approach to estimate the loan amount or LTV equation. The two main challenges for
those models have been widely discussed. The first is sample selection and the second is the
endogeneity of the other contract terms.

Sample selection issues arise when decisions on a loan are made sequentially and some
explanatory variables are partially observed at various stages of the lending process. If the approval

process is correlated with the choice of contract terms then the magnitude of selection bias depends
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on the strength of the correlation between the LTV choice and the underwriting process and also
on the available data in the application sample (Ross 2000).

Mortgage borrowing as a sequence of consumer and bank decisions was introduced by
Follain (1990). He defines the borrowing process as the choice of how much to borrow, if and
when to refinance or default, and the choice of mortgage instrument itself. Rachlis and Yezer
(1993) suggest a theoretical model of the mortgage lending process, which consists of a system of
four simultaneous equations: (1) borrower application, (2) borrower selection of mortgage terms,
(3) lender endorsement, and (4) borrower default. This paper investigates the nature of the
inconsistency of estimates of recent research on borrower discrimination and shows that all four
equations (and decisions) should be considered interdependent.

Public data, such as American mortgage datasets from the Federal Housing Authority
(FHA) foreclosure, The Boston Fed Study, The Home Mortgage Disclosure Act (HMDA) was
published in the middle of 1990s. Using this data a few empirical studies analyzed the mortgage
lending process and studied the interdependency of bank endorsement decisions and borrower
decisions modeled by the bivariate probit model. As an extension of the study Rachlis and Yezer,
(1993), Yezer, Philips and Trost (1994) applied a Monte-Carlo experiment to estimate the
theoretical model. They empirically show that isolated modeling of the processes of credit
underwriting and default lead to biased parameter estimates. Phillips and Yezer (1996) and
Munnell, Tootell, Browne and McEneaney (1996) supported these findings.

Later papers studied the dependence of credit term choices on the other endogenous
variables. Ambrose, LaCour-Little and Sanders (2004) outlined the endogeneity of the loan
amountand LTV.

As key determinants for the demand for the residential mortgage market, authors usually
select socio-demographic characteristics of borrower and contract terms. Bajari, Chu and Park
(2008) also use district-level aggregated demographic and economic variables as proxies for
individual characteristics when they are unavailable.

Attanazio, Goldberg, Kyriazidou, (2008) applied the Das et al. (2003) three-step
nonparametric approach to estimate the demand for car loans corrected for sample selection and
the endogeneity of rate and maturity. First, they estimated the probability of taking a loan, then
residuals from the endogenous variable equations and then the demand equation corrected for
sample selection and endogeneity. They found empirical evidence of nonlinearity in the demand
function and the non-normality of the joint distribution of error terms.

Not only LTV depends on the other contract terms. The choice of LTV may also affect all
the other contract terms. Higher risk loans relate to the credit programs with a higher rate. A higher
loan amount with a fixed rate requires larger monthly payments or a maturity extension for credit
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constrained borrowers (Attanasio et al., 2008). Higher LTV also implies a higher probability of
government insurance. The choice of all credit terms is modeled as structurally interdependent.

The loan limit set by the bank should also be considered as endogenous when modeling the
choice of contract terms. If the bank predicts a borrower’s decision on credit terms then it may
adjust the loan limit in order to achieve the optimal contract.

Recent papers showed that the approval process affects borrower decisions. Table 1 also
gives evidence of a biased sample of the characteristics of the borrowers who did not sign a credit
contract. In general, when modeling the contract term choice we may consider the subsample as
biased because: 1) some applicants were considered uncreditworthy and rejected; 2) some
approved borrowers did not sign a contract because of better alternatives in other banks or the loan
available was too small. With the data available we cannot separate these two reasons since we do
not know the approval decision and loan limit for all the applicants who did not sign a contract.

To sum up, borrowing process is represented by the following econometric model:

d = {1'90(W0i:x}) +ep 20
' Olgo(WOi'xil) + €oi < 0

T 1 2" *
Vi = gl(xi » Xi ;Wli;y_ll') + €4

Vii = gk(xil'xiz 'Wki'yiki) + ek 1)
xiz* =n(x},z) +v;

1'gdef(y;'xi1'xi2 )+ aef,i = 0
O'gdef(y;'xil'xiz )+ aef,i < 0
(y;, x}, x2,def)) = d;(y}, x}, x%, def) is observed

def; ={

where d; is a binary indicator of contract signing, x; is a set of demographic and financial

characteristics of the borrower and co-borrowers, y; is the set of credit terms, x? is the logarithm
of the loan limit, (wy;, wyj, ..., Wii, Z;) 1S the set of excluded instruments for the contract signing
decision, credit terms and loan limit respectively. The set of credit terms y; contains LTV,
logarithm of rate, logarithm of maturity and the probability of government insurance. def; is a

binary indicator of default.
Data description

One of the regional AHML operators provided the data set of all applications for mortgage

collected from 2008 to 2012. We know the demographic and financial characteristics of each of
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the 3870 applicants as main borrowers and their co-borrowers on the date of application, we also
know the date of application. For all signed contracts we know the loan limit set by the bank, the
contract terms, and the value of property. The characteristics of the borrower are fully observable
and the contract characteristics are partially observable for only the subsample of applicants who

signed the contract.

Tab. 1. Descriptive statistics for applicants’ characteristics.

Full sample Signed a contract Did not sign a
Variable (3366 obs.) (2041 obs.) contract (1325
obs.)
Age®, years 33.8 34.0 335
(7.57) (7.67) (7.41)
Sex
Male 1858 (55.2%) 1161 (56.9%) 697 (52.6%)
Female 1508 (44.8%) 880 (43.1%) 628 (47.4%)
Marital status
Single 1017 (30.2%) 590 (29.0%) 426 (32.2%)
Married 1807 (53.7%) 1146 (56.1%) 661 (49.9%)
Widowed 42 (1.2%) 20 (1.0%) 22 (1.7%)
Divorced 500 (14.8%) 284 (13.9%) 216 (16.3%)
Category of employment
Hired employee 3229 (95.9%) 1942 (95.1%) 1287 (97.1%)
Entrepreneur 25 (0.7%) 19 (0.9%) 6 (0.5%)
State-owned employee 112 (3.3%) 80 (3.9%) 32 (2.4%)
Level of education
Elementary 53 (1.6%) 33 (1.6%) 20 (1.5%)
Secondary 1425 (42.3%) 816 (40.0%) 609 (50.0%)
Incomplete higher 120 (3.6%) 64 (3.1%) 56 (4.2%)
Complete higher 1768 (52.5%) 1128 (55.3%) 640 (48.3%)
Number of co-borrowers
0 1423 (42.3%) 1012 (49.6%) 593 (44.8%)
1 1809 (53.7%) 1120 (54.9%) 689 (52.0%)
2 134 (4.0%) 91 (4.5%) 43 (3.2%)
Declared income of co-borrowers
Not declared 2949 (87.6%) 1687 (82.7%) 1262 (95.2%)
From 0 to 9999 rub. 111 (3.3%) 103 (5.0%) 8 (0.6%)
From 10000 to 19999 rub. 161 (4.8%) 133 (6.5%) 28 (2.1%)
More than 20000 rub. 145 (4.3%) 118 (5.8%) 27 (2.0%)
Declared income of main borrower
Not declared 2337 (69.4%) 1227 (60.1%) 1110 (83.8%)
From 0 to 9999 rub. 91 (2.7%) 53 (2.6%) 38 (2.9%)
From 10000 to 19999 rub. 283 (8.4%) 241 (11.8%) 42 (3.2%)
From 20000 to 39999 rub. 445 (13.2%) 361 (17.7%) 84 (6.3%)
More than 40000 rub. 210 (6.2%) 159 (7.8%) 51 (3.8%)

The outliers from the sample were excluded. We treat an observation as an outlier if the
age, level of education, marital status or other characteristics were missing. We exclude

observations with borrowers under age 21, with LTV or DTI (debt-to-income ratio) less than 0 or

6 Mean and standard deviation in the parenthesis.



more than 1. We consider those outliers as random and due to the errors in the database. After
excluding the outliers the sample was 3366 observations. 2041 applicants signed the mortgage
contract, while 1325 of them did not. The descriptive statistics of the available variables are shown
in the Tables 1 and 2.

Some mortgage programs allow the applicants not to provide any information on their
income. These programs are usually linked with a higher contract rate. The reason for this choice
may be explained by a temporary or changeable income (LaCour-Little, 2007), for instance, for
entrepreneurs. Generally, income should be considered endogenous while modeling the approval
of borrower or contract terms. However, we can control for employment category, which rejects
the inconsistency due to possible endogeneity of income. Moreover, co-borrower income may also
be endogenous and we cannot provide any proxy for co-borrower income since we do not have
any characteristics of co-borrowers. This is a limitation of the research. But we may consider it as

insignificant for the choice of contract terms compared to the income of the main borrower.

Tab. 2. Descriptive statistics of the issued loans (2041 contracts).

Variable Mean St. dev. Min Max
Loan amount, rub. 1040 037 573 665 120 000 10 000 000
Downpayment, rub. 854 962 706 635 40 000 13 820 000
Flat value, rub. 1894 999 1049 502 330 000 15290 000
Monthly payment, rub. 12 610 7324 1872 140 381
Loan limit, rub. 1046 023 587 762 150 000 10 000 000
Loan-to-value ratio (LTV) 0.56 0.17 0.11 0.94
Maturity, months 189.05 62.17 26 360
Rate, % 11.59 1.64 9.55 19
Insurance Isinsured 1851 (90.7%)
Not insured 190 (9.3%)
Insured  Not insured Total
Indicator of default Not defaulted 1783 (96.3%) 159 (83.7%) 1942 (95.1%)
Defaulted 68 (3.7%) 31 (16.3%) 99 (4.9%)

To estimate the model we need to find a set of relevant excluded instruments for the
probability of signing a contract, the loan limit and each credit term.

Bajari et al. (2008) discussed the possibility of using aggregated district-level variables as
proxies for unavailable data. We will use the same strategy to find the set of instruments. Since we
have data without spatial variation we can use time variation in applications. We have data from
July 2008 to August 2012 and we know the application date for each applicant. Each application
was matched with the set of aggregated mortgage and housing market characteristics for the same
month. On average, the process takes two months from the date of application to the date of
contract agreement. Also Ozhegov and Poroshina (2013) showed that aggregated demand on
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mortgage reacts to changes in supply within two months. Then we need to fix the aggregated
market characteristics for each application not only in the month of application, but also the 1-2
months prior the application, and use these as instruments.

Table 3 represents the descriptive statistics of aggregated mortgage and housing market
characteristics for the period from July 2008 to August 2012 (50 months).

About 15% of issued loans were refinanced by AHML, but not all of them were issued by
the bank supplying the data. Generally, the number of applications to the bank is fewer than the

number refinanced by AHML by all the regional banks.

Tab. 3. Aggregated mortgage and housing markets characteristics.

Variable Mean St. dev. Min Max
Volume of issued mortgage in region, min. rub. 921.8 562.3 116.1 2191.0
Volume of issued mortgage in region, number 894.40 529.27 134 2112
Mean loan amount, rub. 1152 568 251 993 899310 1908 200
Median maturity, months 200.79 12.81 173 222.2
Median rate, % 12.97 0.80 12 14.3
Mean LTV 0.58 0.03 0.48 0.65
Mean DTI” 0.35 0.01 0.33 0.37
Mean m? value, rub. 38 622 6 165 28 782 51 304
Affordability of housing coefficient® 0.287 0.055 0.215 0.389
Number of refinanced in AHML loans 129.1 83.7 30 310
Number of application to the bank 121.4 51.9 43 222

The difference between the number of loans refinanced by AHML and the number of
applications to the bank within a particular month may be the excluded variable which explains
the probability of contract agreement, but it does not affect the contract term choice. Since every
commercial bank operates with the same AHML programs, the difference in the approval process
does not affect the term choice. But an increase in the number of refinanced loans shows the
changes in the underwriting process in other banks and may correlate with the probability of a
contract agreement with the bank. This variable should be considered as exogenous since each
individual decision explains an insignificant variation of the aggregated market characteristic (less
than 1%).

As an excluded instrument for the loan limit we use the mean Debt-to-Income ratio (DTI).
The positive dependence of these two variables is because the mean DTI for all issued loans
reflects the evaluation of the mean credit risk (the higher the DTI of issued loans, the less risk). It

positively correlates with the loan limit, which reflects the willingness to issue a larger loan for a

" DTI — ratio between monthly payment and monthly income.
8 Affordability coefficient reflects the ratio between an income of mean household and a value of mean flat.
8



particular borrower. This variable is valid since individual shocks of loan limit do not affect the
aggregated characteristic of issued loans.

As excluded instruments for credit terms, LTV, rate, maturity and insurance, we used mean
LTV, median rate, median maturity for issued loans and the housing affordability coefficient. The
relevance of the first three instruments is implied by the interdependence of mortgage market
characteristics and the AHML credit programs conditions. Validity is implied by the exogeneity
of the program terms for each particular borrower.

The affordability coefficient is relevant for the probability of insurance because the
increase of affordability should lead to the choice of a lower LTV and consequently to a lower
probability of loan insurance. Validity is also implied by the independence of individual preference
on insurance shocks and the aggregated affordability of housing. All the variables are relevant and
valid and may be used as instruments. The relevance will be also proved for each model with the

F-test for the excluded instrument in section 5.

Econometric model

Model (1) contains a system of simultaneous equations when we model the choice of
contract terms. Moreover, contract terms are observable only for the subsample of borrowers who
have signed contract. This means that we have selection bias problem.

The sample selection bias problem was discussed in Gronau (1973) and Heckman (1974).
Heckman proposed methods to estimate these models using maximum likelihood or the two-step
procedure in Heckman (1976, 1979) which corrects the error term in the outcome equation on
covariance with the selection equation error term. However, both approaches have been limited by
an assumption on the joint error distribution. Further papers deal with a relaxation of the
distribution assumption for the two-step procedure using a nonparametric approach for model
estimation, for instance, using a Fourier decomposition of unknowns in terms of a functional form
error correction function (Heckman and Robb, 1985), or an approximation by a series of power
functions (Newey, 1988).

While modeling the borrower choice of contract terms we need to allow regressors to be
endogenous and represent the system of equations for each endogenous variable in structural form.
Regression functions are unknown and not limited by any assumptions. Newey and Powell (1989)
introduced a nonparametric procedure for the estimation of a triangular system of simultaneous
equations with unknown regression functions. Vella (1993) elaborated on this procedure for the
case of a limited dependent variable. Newey, Powell and Vella (1999) proposed a two-step

procedure for the correction of an error term on the endogeneity of regressors approximating the
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control function by power series on reduced form residuals. Then Newey (2013) provided an
overview of nonparametric instrumental variable methods for simultaneous equations and
discussed the problem of weak instruments.

Das, Newey and Vella (2003) proposed a model with both sample selection and
endogenous regressors, and its estimation procedure. They also approximated a control function
using a power series which depended on the propensity score from the selection equation and the
endogenous variable reduced form equation residuals.

We extend the proposed methods for the consistent estimation of a non-triangular system
of simultaneous equations with sample selection, endogenous regressors and arbitrary joint error
distribution and the functional form of regression and the control functions in reduced and
structural forms. We may apply this method to estimate model (1) with the following steps.

1. We need to estimate the propensity score for the contract agreement equation:

p = E[d|xo, wo] = go(wo, xo) 2

2. We estimate the prediction of endogenous regressors which is logarithm of the loan limit
corrected for sample selection using the estimate of propensity score:

E[x?%|xt, z,wy, d = 1] = n(xt, 2) + A(P) (3)

3. We estimate each contract term equation in the reduced form corrected for sample selection
and the endogeneity of the loan limit using estimates of propensity score and residuals from
the loan limit equation:

E[yj|x1,x2,z, w, Wy, d = 1] =y (xt, x%,w) + u(®,v) 4)

4. We estimate the structural form contract term equations corrected for sample selection,
endogeneity and simultaneity using the estimates of propensity score, residuals from the
loan limit equation and reduced form contract term residuals:

Ely|x*, x2,wj,y_j,z,w_j,wo, d = 1] = g;(x, x%, wj,y_;) + (B, ,6_)) (5)

5. We estimate the probability of default equation corrected for sample selection and the
endogeneity of contract terms using the propensity score, residuals from the loan limit
equation and structural form residuals:

Eldef|x*,x% y,z,w,d = 1] = gaer(x*,x%,y) + @ger (D, V, €) (6)

Identification conditions for equations (2-6) are formulated with the following theorem.

Theorem 1. If functions go(wo,x0), m(x%2), A(p), v;(x',x%w), u(pv),
9;(x x%w,y_;), o, v,e-)), Gaer (L, x%Y), Paer(p,v,€) are continuously differentiable

with continuous distribution functions almost everywhere and with probability one 990Wo%o)

6W0

10



ayj(x*x%w)

1
0, rank [W] = dim(x*) and for each j € {1, ..., k} at least one w; with # 0 exists

then each regression function in (2-6) is identified up to an additive constant.

Proof. See appendix.

To sum up all the necessary identification conditions, the assumptions of the model restricts
the regression function and control function at each step to be functions from different variables
and to be separable. The control function also must be a function from the variables which were

obtained from the previous steps of estimation procedure.
1
The first group of Theorem 1 conditions (W # 0, rank [W] = dim(x?) and
0

oy i(xl,x2?, .
v (2t w) # 0) restricts the data. Thus, there must be at least

forall j € {1, ..., k} must be w; with "
one significant variable in the selection equation excluded from the system and at least one relevant
excluded instrument for each endogenous variable (x2, y).

The last group restricts all regression and control functions to be continuously
differentiable.

An estimation procedure is based on an approximation by a series of power functions which
depend on the initial set of regressors. This family of regression functions satisfies the
differentiability conditions of Theorem 1.

Let w = (w4, ..., w,) be a set of variables with y = dim(w).

k(p,x) = (ppf—;)! will be the number of polynomial terms with a power no more than p

which may be obtained from y variables.

Let Q°(w) = (q;(w), ..., g (w)) be a vector of k power functions, which are a full set of
polynomial terms with a power no more than p obtained from w, i.e. g;(w) = ]'[f=1 Wy, le S¢ <
p,s; €{0,1,..,p}vr=1,%.

Let Q” (w) be a polynomial approximating series with power p.

Then the propensity score of the selection equation may be estimated by OLS as

b, = Eld;|x0;, woi]l = QP (Woy, x00) [(QP° (Wo, X0))'QP° (W, X0)]~1(QP° (o, X,))'d (7

Let a = (aq,ay), Q4?2 (x1, z,p) = (Q%*(x, z), Q%2(p)), then a may be obtained by OLS

as
a = [(Q%%(x', 2,)) Q%% (x1, 2, P H(QA % (x, 2, p)) %2 ®
Then the residuals of the loan limit equation may be obtained as
v = xf — Q%% (x}, z;, p)a )
Let bj = (byj, bsj) and QMMz (W) = QM M2 (1, x2%, W, H, V) =

(@M1 (x*,x%,w), QM2(p, 7)) then b; may be obtained by OLS as
11



by = [(@"" (W) Q"+ (W)] (@™ (W))'y; (10)
Then the reduced form contract terms residuals will be
&ji = yji — QM2 (x}, x2, wy, By, 0,) by (11)
Let — Bi=(BBy)  and QR0 = Q% (xt Xt wyy 0,6 ) =

(Qfl (x, %2, wj,y_), Q%(p, 7, é_j)) then the estimate for 8; may be obtained by OLS as

B; = [(Q5%2(X)) Q552201 (Q542 (X))'y; (12)
Then the structural form contract terms residuals will be
&i = yji — Q*2(X)B; (13)

Let @ = (ay,ay) and QOv92(xt, x2,y,p,7,8) = (Qel(xl,xz,y),Qez(ﬁ,ﬁ, é)) then the
estimate for & may be obtained by OLS as
@ = [(Q (", x%,y,p,9,6)) Q4% (x',x%y,p,0,8)] " *

* (QO%2(x", x%,y,p,7,6)) def
The next theorem introduces conditions for the consistency of the proposed estimation

(14)

procedure.

Theorem 2. If equations (2-6) are identified through theorem 1 and the set of variables
(Wo, Wy, .., Wi, 2, x%) is independent from the distribution of (eg, ey, ..., ex, v, eqer) then @, @, Bj
and f; are consistent.

Proof. See in Appendix.

Results

Model (1) was estimated with the proposed procedure (7-14).

First, we estimated the model of the probability of a contract agreement based on the
characteristics of the borrower and co-borrowers and the difference between the number of AHML
refinanced loans and the number of applications.

The last variable which was taken as an excluded instrument is significant at the 1% level.
The sign and significance of borrower characteristics are consistent with recent research. The
demographic characteristics, such as age, sex, marital status and the level of education of the
borrower are insignificant, which supports the absence of discrimination. The probability of a
contract agreement is positively correlated with the income of the main borrower and co-borrowers
and, on the contrary, negatively correlates with the failure to provide income details. Entrepreneurs

have a higher probability of a contract agreement ceteris paribus.
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These estimates were obtained from the linear probability model and were compared with
the probit model. The comparison showed an insignificant difference in the significance of the
parameter estimates and predictive power (with slightly higher predictive power for the linear
probability model). The propensity score p, = E[d;|x;, wy;] was obtained from the linear
probability model.

The model of the logarithm of the loan limit was estimated for all the signed contracts. The
excluded instrument (DTI) is significant at the 1% level. We used polynomials up to the third
power as approximations for the control function on p. The hypothesis of its significance was
rejected (at 29% level) which suggests there is no selection bias of underwriting on the set of loan
limits. The estimated parameters for borrower characteristics are also not counterintuitive. The
bank proposed a higher limit for the mid-aged borrowers (38 years) with a higher number of co-
borrowers, their income, the higher income of the main borrower, and the higher level of education.
Sex, marital status and employment did not affect the loan limit.

For each credit term we estimated the reduced form equation. The control function was
approximated by the polynomial with power M, on the estimate of the propensity score and the
loan limit equation residuals. The regression function was estimated as partially polynomial. It
was linear for the characteristics of the borrower and polynomial for the excluded instruments for
contract terms with power M, . The proof of relevance of excluded instruments is provided in Table
4,

Tab. 4. Proof of instrument relevance.

Eg 1. LTV onmean LTV Eqg. 2. Log. of rate on the median rate
(1) ) ®) 1) ) @)
Marginal effect -0.003**  -0.001 0.017 -0.110***  -0.047*** -0.026
g (0.002) (0.003) (0.146) (0.006) (0.011) (2.137)
t-stat 1.873 0.411 0.128 17.72 4.196 0.023
k 33 43 63 33 43 63
N 2041 2041 2041 2041 2041 2041
Eqg. 3. Log. of maturity on Eq. 4. Probability of insurance on
median maturity affordability coefficient
1) 2 3 1) (2) 3
Marainal effect 0.0016**  -0.002 0.046 -0.580** -0.701 -0.827
g (0.0009) (0.002) (0.117) (0.288) (0.623) (0.715)
t-stat 1.810 0.742 0.392 2.013 1.126 1.157
k 33 43 63 33 43 63
N 2041 2041 2041 2041 2041 2041
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Note: In the table cells there are marginal effects of changing of dependent variable on a change of its excluded
instrument. Bootstrap standard errors for 100 replications clustered on the month of application are in the parenthesis.
Significance level obtained from bootstrap distribution,

* - 10%, ** - 5%, *** - 1%,

k — number of estimated parameters, N — number of observations.

For each equation, model (1) was estimated for M; = 1, M, = 3, model (2) for M; = 2, M, = 3, model (3) for M; = 3,
Igrzag;:g;-?sonald Wald F-statistics for the joint significance of contract instrument for models (1) is 4.73.

All the excluded instruments are relevant for the use of the first power polynomial for the
regression function. The joint significance of the marginal effect of excluded instrument is not
rejected at the 5% level. We use the reduced form residuals obtained from the models with M; =
1, M, = 3.

We estimated the contract term equations in structural form using a polynomial
approximation with power &, for the control function on p, residuals from the loan limit equation
and the reduced form of the contract term equations. The regression function was partially
polynomial, linear for the characteristics of the borrower and polynomial with power &; for the
credit terms and loan limit. Estimation results are provided in Table 5.

The sign and significance for the majority of marginal effects remain the same with the
increase of the polynomial power. This supports the robustness of the results. While the marginal
effects in models without correction (¢, = 0) for sample selection, the endogeneity of the loan
limit and the simultaneity of contract term choice are significantly different from the corrected
ones (comparing models (3) and (4) for each equation). This result is evidence of the inconsistency
of the estimates without correction and the necessity of using the proposed estimation procedure.

The estimates of the marginal effects for the LTV equation are consistent with intuition
and recent research. LTV negatively depends on the rate and positively correlates with the
maturity, loan limit and having insurance. The demand for government insurance rises with LTV
and the rate, for shorter maturity and a lower loan limit. These results are also not counterintuitive.
The link between higher risk borrowers and the probability of insurance is also supported by the
significantly negative covariance between the error terms in the approval and insurance equations.
This means that borrowers that are more likely to be approved are less likely to have insurance.
The probability of having government insurance rises with the declared income of the main
borrower. This result is not very obvious because insurance is linked with higher risk borrowers

which are usually not borrowers with a higher income.
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Tab. 5. Estimates for the contract terms equations in structural form.

Eql.LTV Eq 2. Log. of rate Eq. 3. Log. of maturity Eq 4. Probability of insurance
1) ) 3 4) 1) 2 3) 4) 1) (2 3) 4) 1) 2 ©)) 4)
0.431%**  0.350%**  0232%** 0018 0.720%** 0.046* 0.087%** 0.093 0.686***  0.534%*x  (,104%** 1 147***
LTV (0.055) (0.047) (0.026) (0.037) (0.143) (0.036) (0.016) (0.120) (0.089) (0.040) (0.022) (0.052)
-0.204%**  _0,068***  -0.172***  -0,026 0.245%** 0.276%**  0.448%** 0.126 0.485%**  0.492%*%  (436%**  (,223%**
Log. of rate (0.017) (0.013) (0.018) (0.043) (0.046) (0.018) (0.008) (0.209) (0.018) (0.019) (0.018) (0.043)
Log. of 0.208***  (0161***  0.254***  0031%**  (157***  (,636%**  1.657***  (,025%** - 0.199%**  -0.260%**  -0,780%**  0.009%**
maturity (0.031) (0.020) (0.031) (0.009) (0.054) (0.052) (0.025) (0.010) (0.053) (0.040) (0.036) (0.012)
Probability 0.396%**  0.223%%*  (.28Ll***  0301%¥**  0720%**  0.669%**  1.041%%* 0.130 -0.387*** -0.153%**  .0.437*** 0,045 - -
of insurance (0.021) (0.018) (0.040) (0.048) (0.054) (0.037) (0.057) (0.212) (0.059) (0.036) (0.045) 0.449
Log. of loan ~ 0.115%%*  0.148***  0193***  0.120%**  -0355%%*  0.333%*  0197***  0027*%*  -0.150%** -0.026* 20.154%%%  0191%**  -0124***  0,075%***  -0.133*** 0,003
limit (0.014) (0.010) (0.012) (0.006) (0.036) (0.029) (0.010) (0.007) (0.039) (0.023) (0.009) (0.020) (0.025) (0.019) (0.014) (0.008)
k 24 60 132 49 24 60 132 49 24 60 132 49 24 60 132 49
N 2041 2041 2041 2041 2041 2041 2041 2041 2041 2041 2041 2041 2041 2041 2041 2041

Note: In the table cells there are marginal effects of changing of dependent variable on a change of another endogenous variable. Bootstrap standard errors for 100 replications clustered on the month of application are

in the parenthesis.

Significance level obtained from bootstrap distribution,

*-10%, ** - 5%, *** - 1%.

k — number of estimated parameters, N — number of observations.

For each equation, model (1) was estimated for &; = 1, &, = 1, model (2) for &; = 2, &, = 2, model (3) for &; = 3, &, = 3, model (4) foré; =3,&, = 0.
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Finally we estimated the probability of default equation using a polynomial approximation
with power 6, for the control function on p, the residuals from the loan limit equation and
structural form contract term equations. The regression function was partially polynomial, linear
for the characteristics of the borrower and polynomial with power 8, for the credit terms and loan
limit. The estimation results are provided in Table 6.

Tab. 6. Estimates for probability of default equation.

1) (2) A3)
Prop. score from selection equation -0.0827*** -0.038 -0.027
: (0.033) (0.084) (0.092)
-0.006 -0.083** -0.123*
LTV (0.034) (0.049) (0.082)
Log. of rate 0.561%** 0.436%% 0.408%%
: (0.061) (0.051) (0.077)
Log of. maturity -0.046*** -0.023** -0.022*
: 0,013 (0.013) (0.015)
Probability of insurance 0.040* 0.222** -0.0356
(0.027) (0.112) (0.044)
Log. of loan limit -0.022 0.096 -0.022
: (0.023) (0.153) (0.17)
k 33 68 154
N 2041 2041 2041
% of correct predictions 95.1 95.9 96.4

Note: In the table cells there are marginal effects of changing of dependent variable on a change of another endogenous variable.
Bootstrap standard errors for 100 replications clustered on the month of application are in the parenthesis.

Significance level obtained from bootstrap distribution,

*-10%, ** - 5%, *** - 1%.

k — number of estimated parameters, N — number of observations.

For each equation, model (1) was estimated for 8; = 1, 6, = 1, model (2) for 6, = 2, 8, = 2, model (3) for 6, = 3,6, = 3.

The results are also consistent with increasing the power of the approximation. However,
increasing the number of parameters improves the predictive power of model but leads to less
efficient estimates. The estimate results are intuitive for rate, maturity, propensity score and
insurance: a higher rate, less maturity, less probability of approval and higher probability of
choosing insurance are linked with a higher probability of default. However, we also have some
controversial results. An increase of the co-borrower’s declared income decreases the probability
of default and at the same time the probability of being approved. It looks like an non-optimal
underwriting decision for this category of borrowers, although at the same time it is linked to a
lower probability of the loan to be insured.

Table 7 represents the estimation results for the probability of approval, having insurance
and the default equation with approximation by polynomials with a power 1. We show only the
relevant estimates of the parameters. The table implies that the underwriting process takes into
account not only the default probability but the insurance decision too. The probability of contract
agreement is negatively and significantly correlated with the probability of default and having

insurance. Thus, the probability of having insurance is bad sign for underwriter because it is linked
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with a higher probability of default. Then, in order to estimate the potential loss from a delinquent
borrower we estimate the difference between the probabilities of default and having insurance.
This probability difference shows the probability of a potential default without government
insurance. Uninsured defaults cause a loss for the bank, and insured default for government, then

the bank will tend to select potential borrowers with the lowest probability difference.

Tab. 7. Estimates for probability of approval, having insurance and default equations.

Selection Insurance Default E[r)%?t%:f)
Number of co-borrowers (No co-borrowers is base level):
1 co-borrower -0.011 -0.051** -0.035*** 0.015
(0.016) (0.032) (0.006) (0.039)
2 cO-bOITOWErs 0.029* -0.045 -0.090*** -0.044
(0.023) (0.117) (0.030) (0.087)
Income of co-borrowers (From 0 to 9999 rub. is base level):
Not declared -0.185%** -0.097* -0.052*** 0.045
(0.052) (0.091) (0.022) (0.069)
-0.098*** -0.044 -0.040* 0.004*
From 10000 to 19999 rub. (0.019) (0.067) (0.036) (0.002)
-0.081*** -0.046* -0.015* 0.031***
More than 20000 rub. (0.028) (0.038) (0.012) (0.014)
Income of main borrower (From 0 to 9999 rub. is base level):
Not declared -0.020 0.101 -0.116 -0.218*
(0.046) (0.125) (0.142) (0.190)
0.234*** 0.094** 0.026 -0.068
From 10000 to 19999 rub. (0.046) (0.062) (0.082) (0.103)
0.202*** 0.138* -0.052 -0.190*
From 20000 to 39999 rub. (0.049) (0.101) (0.118) (0.156)
0.167*** 0.210* -0.020 -0.230
More than 40000 rub. (0.052) (0.163) (0.181) (0.247)
Prop. score - -0.078*** -0.346*** -
(0.017) (0.084)
Prob. of insurance - - 0.031* -
(0.019)
k 24 31 33 -
N 3366 2041 2041

Note: In the table cells there are estimates of parameters.

Bootstrap standard errors for 100 replications clustered on the month of application are in the parenthesis.
Significance level obtained from bootstrap distribution,

*-10%, ** - 5%, *** - 1%.

k — number of estimated parameters, N — number of observations.

Table 7 shows that relatively riskier borrowers (in terms of the probability difference) are
less likely to be selected by bank and vice versa. Borrowers with insignificant probability
difference in all cases are also more likely to be approved. Moreover, not declaring the income of
the main borrower is not a risk factor because it has significant, small but negative probability
difference. The same is for the co-borrower’s income. It does not affect the probability difference
but these borrowers are less likely to be approved by bank. This means that bank need to improve

the underwriting process and approve more borrowers without declared income.

17



As the result, government insurance on AHML loans tends to be an important determinant
of bank and borrower decisions. The bank takes into account the predicted probability of insurance
along with the probability of borrower default. In order to compensate for a high probability of
default and to have more chance of being approved, potential borrowers choose to insure the loan,

especially when loans have riskier terms such as high LTV, rate and short maturity.

Conclusion

This paper analyzes the borrowing process in one Russian bank which is a regional
subsidiary of AHML, a national provider of residential housing mortgages. This analysis takes
into account the underwriting process and the choice of loan limit by the bank, the choice of
contract terms including having government insurance and the performance of all loans issued by
the bank from 2008 to 2012. The dataset contains information about the demographic and financial
characteristics of the borrower for all applications, the loan limit set by bank, the contract terms
and the property value, and the indicator of default for all signed contracts. We also used regional-
level aggregated housing and mortgage market characteristics as instrumental variables for the
selection equation and endogenous variables.

We model the demand for loans as a simultaneous choice of loan terms and represent this
as a system of simultaneous equations. We observe the choice only for those borrowers who were
approved by the bank and chose to get a mortgage from this particular bank. While approving the
borrower the bank sets the loan limit which affects the choice of credit terms and is considered an
endogenous variable. This structure of borrowing process determines the use of the multistep
nonparametric approach.

The main finding is that the probability of having government insurance is linked to riskier
loans, such as loans with higher LTR, higher interest rate and lower maturity. Insured loans also
are more likely to be approved by the bank. The bank, when approving a borrower, takes into
account not the probability of default, but the difference between the probabilities of default and
having government insurance. The probability of having insurance positively correlates with the
probability of default. It may be explained in two ways: 1) Riskier borrowers in order to
compensate for their credit risk choose to have insurance to increase the probability of being
approved; 2) Riskier borrowers make a strategic choice to be insured and try to reduce their loss
via a potential default.

The obtained estimates depend on the data. We used data from only one regional operator
of AHML programs and do not have enough space variation. Our dataset is not big enough to

apply nonparametric procedures with high-order polynomial approximations for regression and
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correction functions. Therefore the estimates with increasing polynomial order remains consistent
but is inefficient. However, we may rely on the obtained results since the estimation procedure is

based on the minimum assumptions for the consistency of estimates.
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Appendix

Tab. Al. Estimated parameters for selection equation.

: (1) )
Variable OLS Probit
-0.004 -0.012
Age of borrower (0.009) (0.024)
Age squared 0.000 0.000
9esq (0.000) (0.000)
Male 0.026 0.075
(0.018) (0.050)
Family status (Single is base level):
Married 0.030 0.094
(0.025) (0.070)
Divorced -0.104 -0.278
(0.075) (0.204)
. -0.012 -0.034
Widowed (0.027) (0.074)
Category of activity (Hired employee is base level):
Entrepreneur 0.086 0.246
(0.095) (0.287)
State employee 0.133%>= 0.377%*
ploy (0.045) (0.131)
Level of education (Elementary is base level):
Secondary education ~0.060 0.174
(0.066) (0.185)
. . -0.076 -0.208
Incomplete higher education (0.077) (0.216)
. . 0.013 0.026
Complete higher education (0.066) (0.184)
Number of co-borrowers (No co-borrowers is base level)
1 co-borrower ~0.004 -0.027
(0.024) (0.068)
2 co-borrowers 0.020 0.053
(0.048) (0.139)
Declared income of co-borrowers (From 0 to 9999 rub. is base level):
Not declared -0.193* -0.852"%
(0.050) (0.194)
-0.087 -0.507
From 10000 to 19999 rub. (0.058) (0.617)
-0.115 -0.596
More than 20000 rub. (0.261) (0.722)
Declare income of main borrower (From 0 to 9999 is base level):
Not declared “0.019 0.004
(0.053) (0.147)
0.180*** 0.531***
From 10000 to 19999 rub. (0.061) (0.172)
0.229*** 0.700***
From 20000 to 39999 rub. (0.055) (0.156)
0.257*** 0.830***
More than 40000 rub. (0.081) (0.151)
Difference between AHML loans number and number of -0.000*** -0.001***
applications (0.000) (0.000)
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Constant 0.781*** 1.028**
(0.178) (0.516)
N 3366 3366
k 22 22
% of correct predictions 64.3 63.7
F—s_tatlstlcs for difference _between the number of 13.59 1213
refinanced loans and applications
Note: Robust standard errors are in parenthesis,
significance level obtained from t-statistics,
* - 10%, ** - 5%, *** - 1%.
k — number of estimated parameters, N — number of observations
Tab. A2. Estimated parameters for loan limit equation.
. (1)
Variable OLS
0.017*
Age of borrower (0.010)
-0.000*
Age squared (0.000)
-0.006
Male (0.021)
Family status (Single is base level):
. 0.045
Married (0.028)
. -0.041
Divorced (0.098)
. -0.005
Widowed (0.031)
Category of activity (Hired employee is base level):
Entrepreneur 0.076
(0.098)
-0.066
State employee (0.054)
Level of education (Elementary s base level):
Secondary education 0.044
(0.074)
. . 0.255***
Incomplete higher education (0.090)
. . 0.225***
Complete higher education (0.073)
Number of co-borrowers (No co-borrowers is base level)
0.082***
1 co-borrower (0.027)
0.133**
2 co-borrowers (0.053)
Declared income of co-borrowers (From 0 to 9999 rub. is base level):
0.047
Not declared (0.064)
0.093
From 10000 to 19999 rub. (0.059)
0.259***
More than 20000 rub. (0.064)
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Declare income of main borrower (From 0 to 9999 is base level):

Not declared
From 10000 to 19999 rub.
From 20000 to 39999 rub.
More than 40000 rub.
Mean DTI
Prop. score
Prop. score squared
Prop. score cubed

Constant

0.942%**
(0.065)
0.486%**
(0.081)
0.893%**
(0.078)
1.346%%*
(0.078)
-0.000%**
(0.000)
2.292
(1.736)
-4.977
(3.766)
3.136
(2.600)
9.37g%**
(0.750)

N
K
F-statistics for mean DTI

2041
25
20.72

Note: Robust standard errors are in parenthesis,

significance level obtained from t-statistics,

*-10%, ** - 5%, *** - 1%.

k — number of estimated parameters, N — number of observations

Lemma 1. If functions go(wo, xo), m(x1,2), A(p) are continuously differentiable with

continuous distribution functions almost everywhere and with probability one

m(x1, z) is identified up to an additive constant.

090(Wo,%o)

aWO

# 0, then

Proof (is similar to T.2.1 in Das et al. (2003)): Any observationally equivalent model for

(3) must have E[x?|x!,z,wy,d = 1] = #(x", 2) + A(p). Consider f,(x%, z) + f,(p) = 0, where

fi(x,2) = m(xY, 2) — 7t(x%, 2), and £, (p) = A(p) — A(p). If go, m and A are differentiable, then

f1 and £, are also differentiable. Then we may differentiate f; + f, = 0 by the set of (wy, x1, 2):

0= 0f2(p) 0g0(Wo,X0)

ap owg
0 = 2(xlz) | 5@ 0p(wo.xo)
ax1 ap ax1
O — 6f1(x1,Z)
0z

First condition and w + 0 implies a’:;—;p) = 0, then f, is constant.

Wo
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0fi(x'.2)

Then the second condition gives
d(x,z)

= 0. It means that f;(x!,z) is constant and

fi(xt,z) = n(xt,z) + C. ||
Lemma 2. If functions g, (W, xo), m(x*, 2), A(p), v;(x*, x*,w), u(p, v) are continuously
differentiable with continuous distribution functions almost everywhere and with probability one

d090(wo,Xo)
6W0

# 0 and rank [W] = dim(x?), then every y;(x%, x? w) is identified up to an
additive constant.

Proof: ~ Any observationally  equivalent —model for (4) must have
E[yj|x1,x2,z, wo, d = 1] =p;j(x', x%,w) + i(p,v). Consider f3(x',x*w)+ fo(p,v) =0
where f3(x', x%,w) = y;(x', x%,w) — 7;(x%, x%,w), and f,(p,v) = u(p,v) — fi(p,v). If all the
conditions of this lemma are met, then so are the ones of lemma 1 then (x?!, z) and v are identified
up to an additive constant.

If go. 7, A, y; and u are differentiable then f;(x*,x%,w) and f,(p(wo, x0), V) are also

differentiable. Then we may differentiate f; + f, = 0 on the set of variables (x?, z, w, wy):

0= af3(xx%w) n afs(xtx?w) an(x'z) | 8fs(p(Wo,x0),v) dp(Wo,xo)
ox1 dx2 dx1 ap dx1

0= afs(xx2w) an(x*,z) + Afa(p(Wo,x0),v) 3p(Wo,X0)

0x2 0z op 0z
(A2)
0= Afz(xtx%w)
ow
0= dfa(p(Wo,x0),v) 9p(Wo,Xo)
op dwg
99000 X0) . ) and the last condition imply Z2@&eXolV) _
6W0 ap
.. an(x1,2) , 2N dfs(x1x?)
Then the second condition and rank [T] = dim(x*) give et 0.
. ce e Ofs(xta?) 1.2 _ 1,2 _
The first condition implies o = 0. It means that f3(x*, x*,w) = y;(x", x*,w)

7;(x', x2,w) is constant, 7;(x*, x*,w) = y;(x*, x%,w) + C;. |
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Lemma 3. If functions go(wp %), m(x',2z), A(p), v;(xhLx%w), wupv),

gj(xl,xz,wj,y_j), @(p,v,e_;) are continuously differentiable with continuous distribution
. . - 9g0(Wg,xo) an(x',z) . P
functions almost everywhere and with probability one — 0, rank [T] = dim(x*)
0

oy j(xtx2w)

and for each j € {1, ..., k} at least one w; with e

# 0 exists then each g;(x*, x2,wj,y_;)
J

is identified up to an additive constant.

Proof. As soon as the conditions of the lemma are more rigid than the ones of the lemmas
1 and 2 are also satisfied then m(x?, z), y_;(x*, x*), v and e_; are identified up to a set of constants.

Any observationally equivalent model for (5) must have
Ely;|xtx%,y_j, z,w,wo, d = 1] = §;(x %% wj,y_;) + @, v,e_)). Consider
fo(xt, x2,w;,y_;) + fo(p,v,e_;) =0,  where  fo(x,x%w;,y_;) = g;(x', x%w;,y_;) —
gi(x" x%,wy,y_;) and fe(p,v.e_j) = o(p,v,e_)) — p(p,v,e_).

If go. ™, A, ¥, u, gj, @ are continuously differentiable then fs(x*, x2 w;,y_;) and
fé(p, v, e_ j) are also continuously differentiable then we may differentiate f; + fg = 0 by the set
of exogenous variables (w;, w

1 .
X ,Z,WO).

0= ofs(xtx%wjy_j) n afs(xtx?wjy_j) ay_j(xtx?w)
- aw]- ay_]- 6wj
afs(xtx?wjy_j) oy_j(x*.x%w)

0=
ay_]- aw_]-

0= 6f5(x1,x2,wj,y_j) ofs(x*x%wjy_j) om(xlz) | ofs(xtxiwjy_;) ay_j(xl,xz,w)_l_

dx1 dx2 dx1 Ay_j dx1
(A.3)

+ 6V—j(x1’x2'w) om(x*,z) + 6f6(p,v,e_j) 990(x0,Wo)

0x2 oxt op dx1
0= an(xt,z) [0fs(xtx2wjy_ ]) ofs(xtx?wjy_j) oy_j(xt.x%w)

dz dx2 Ay_; dx2
0= 6f6(p,v,e_]-) 9go(xo,wo)

op owg
The last condition and M + 0 imply that f6(+e‘]) 0.
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ayj(x*x%y_;)

ov_: 1‘ 2‘
W;thnd make

As soon as for every j there is w; with # 0 give

Wj

. A K] 1' 2’ LY
the second condition equivalent to AUs ) _ .

Y-j
Replacing Wﬂjy—z_"jj’y‘j) = 0 in the fourth condition and using # # 0 we have
ofs(x'x?wjy_j) - 0.
dx?
And s X wyy-y) 0 in the first condition gives s wyy-y) 0.

ay_j aW]

ofs(xtx%wjy_j)
dx1

All the obtained results in the third condition give = 0 which implies that

fo(xt, 22w, y_;) = gj(xt, x%, wj,y_;) — §;(x',x*,wj,y_;) is constant, consequently

gi(xt x®wyy_5) = g;(x 23, wy,y_;) + Gl

Proof of Theorem 1. By lemmas 1-3 equations (2-5) is identified. Let us prove the
identification of equation (6).

Any observationally equivalent model for (5) must have
Eldef|x*,x%,y,z,w,d = 1] = aer(x,x%,y) + Pges(p,v,€).  Consider  f,(x',x%y) +
fe(@,v,e) =0, where f,(x',x%y) = gaer(x",x%,¥) — Gaer(x',x%,y) and fy(p,v,e) =0 =
Paer(®,v,€) — Paer(p,v, €).

If gaer and @, are continuously differentiable then f;(x*, x2,y) and fg(p, v, €) are also
continuously differentiable then we may differentiate f; + fg = 0 by the set of exogenous
variables (w, x1, z, wy):

_0fr(xtx2y)0g;(y_jxtxtw))

0 ayj aW]
_of(xtxty) | of,(xtx?y)om(xtz) | of,(xtx%y) [agj(y_j,xl,xz,wj)
0= dx1 + 0x2 dx1 + ay; ax1 + (A5)

09;(y—jxtx?wj) on(x',z) dfg(p,v.e) 0go(xo,Wo)

+ dx2 dx1 ap dx1
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0= on(x"z) [6f7(x1,x2,y) n af;(x*x2y) 6gj(y_,-,x1,x2.w1-)]
T oz 0x2 oy 0x2

__ 0fg(p.v,e) dgo(xe,wo)
0=
ap owg

090(x0,Wo)

The last condition and
aWO

0 implythat%:’e) = 0.

ayj(xtx%y_;) 8g;(y—jxtx?w))

As soon as for every j there is w; with - # 0 give # 0 and

j Wwij

1,42
make the first condition equivalent to M =0.

Yj
1,2 1
Replacing %y"f’y) =0 in the fourth condition and using W #0 we have
J
of,(x1x2y)
= 0.
1,2 1,2
And then the second condition gives 2ZZ&2°¥) — o This means that 2Z2ZE22) — g ang
ox 9(x1x2y)

fr(xt, x2,y) is constant. Gaer(x*, X%, y) = gaer(x',x%,¥) + Caep means that gg.r(xt, x2,y) is

identified up to additive constant.||

Proof of Theorem 2. Consider a procedure of model (1) identification. It will take 4 steps:
1. On the first step we will estimate the  propensity  score

p = E[d]|xy, wo] from the selection equation:

1, go(Wo;, xo;) +€9; = 0
d = { "
l 0, go(Woi, Xo;) + €9; <O (A.6)

For every marginal distribution f,, E[d|xo,wo] = E[d = 1|xo, wo] =

(o]

f_go (Woxo) fe,(8)ds = yo(wq, Xo). ¥o With arbitrary distribution of e, and functional form of
go Will be a function with arbitrary functional form but will depend only on the known set of
variables, wy, x,.

We may decompose y, into the Taylor series in a neighborhood of each (wy;, x¢;). p; =

E[d;|xo;, wo;] may be approximated by a polynom Q0 (wy;, xoi) g, Where QP (wy, x,) iS
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polynomial approximating series for y,(wy, xo) With p, and «, is a vector of parameters with

(po+x0)!

dimensiality k = ,
y Po'Xo! X

0= dim(Wo, xO).

Estimate of a, may be obtained by OLS as

@y = [(QP2(Wy,X0))'QP° (Wo, X0)]~H(QP (wo, X0))'d (A7)

For all fixed p, we may prove the consistency of @,.

plim &, = plim[(Q”° (wy, x0))'QP° (Wo, x0)] ™1 (QP0 (Wo, %¢))'d =

n—-oo n—-oo

= plim [(QP° (W, X)) QP° (Wo, X0)]H(QP° (Wo, X)) (QP° (W, Xo) tg + 7o) (A.8)

n—-oo

= ao + plim [(QP°(Wy, X)) QP° (Wo, X0)]~H(QP° (Wo, X)) Mo = g

n-co
with the exogeneity of (wy, x;).

This is obvious that a convergence speed to true y,(wy, xo) depends on the power p,
of approximation function. The higher p, gives the slower speed of convergence due to
increase in the number of parameters being estimated. Das et al. (2003) showed that with the
upper limit to an approximation polynom power the estimate is asymptotically normal. In this
paper we will not prove the asymptotic normality and return to the issue of standard errors
calculation in results section. In this section we point out that it may be obtained by bootstrap.
The basics of asymptotic theory for two-step correction procedures provided by Newey (1997).
It is also mentioned in Das et al. (2003) that regression function may be represented as partially
linear in regressors then all identification conditions should be held only for nonlinear part of
regression function. Then the assumption of differentiability of regression functions may be
relaxed when we include all discrete regressors only to linear part of regression function.

Then the propensity score will be

D, = Eld;|xoi, woi] = QP (Woj, X00) [(QP° (W, X)) QP (Wo, X0)]~H(QP° (Wo, X0))'d  (A.9)
2. On the second step we will estimate the residuals from endogenous variables equations

corrected for sample selection:
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v=x?—E[x%|x},z,wy,d = 1] (A.10)
For every marginal joint distribution of e and v, f, -

E[v]x, z,wy,d = 1] = E[v|x1,z,wo, d = 1] = E[v]|go(Wo, x0)+eg = 0] =

o o (A.11)
= f f Vfe,v(s,7)ds dr = A(p)
-0 J—go(wo,x0)

where A is a function on propensity score with arbitrary function form.
If p is a predicted propensity score obtained on the previous step then p on this step

will be fixed. (x1, z) and p are the sets of different variables since there is at least one w, with

9QPO(Wox0i) @0

we * 0.

Every arbitrary functions 7 (x?, z) and A(p) may be approximated by Q% (x', z)a, and
Q%2(p)a, where Q%1 (x1,z) is polynomial approximation series with a power Z;, Q%2(p) is
polynomial approximation series with a power Z,, then x? may be approximated by

x? = Q% (x1,2)a, + Q%2 (P)a, + 1, (A.12)

Equation (A.12) is identified up to an additive constant due to the Theorem 1 since

9QP0 (wg;,x0i)@o

polynomial approximations for = and A are continuously differentiable and ”
0

* 0.

Let a = (aq,ay), Q%% (xt,z,9) = (Q%1(x1, 2), Q%2(p)), then a may be obtained by

OLS as

a = [(Q7% (x4, 2,)) QA% (xt, 2, )] H(QA % (x4, 2,9)) %2 (A.13)
For some large enough Z;, Z,, Q% (x1, z)a@, will be an approximation for m(x?, z). And

a = (a,, a,) will be consistent with the exogeneity of (x1, z, p) due to

plima = plim[(Q***%(x", z,$))'Q**% (x", 2, P)] "1 (Q**2 (x',2,§)) x* =

n—oo n—-oo

= plim{(Q™ % (%, 2, p)) Q" (', 2, I M (@ (', 2, D)) (@ (' zPa (14

n—-oo

+1,) = a + plim[(Q”**2(x', 2z, ) Q"2 (x', 2, )] (@2 (x",2,9)) 1, = a

n—-oo

Identification of an additive constant in this equation is an additional research question

when its true value is a point of interest. Heckman (1990) provided examples when
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identification of constant is essential. Andrews and Schafgans (1998) discussed also the
identification strategy. When the identification of constant is not a point of interest then we
only need to fix a value of some parameter. For example, let the parameter behind ($)° in
Q% (p) be equal to 0. On the next steps we will also put 0 as a value of parameter behind the
polynomial term with O power in control function.
Then the residuals of endogenous variables equations may be obtained as
v = xf — Q72 (x}, z;, py)a (A.15)
3. On the third step we will estimate the reduced form residuals corrected for sample
selection and endogeneity of x?2:
ej = y; — E[yj|xt, x% z,w,wo, d = 1] (A.16)
If ¢; has joint marginal distribution with v and e, with density function f, .. then

Elejlxt, x%, z,w,wy, d = 1] = E[e;|v, go(wp, x9)+eg = 0]

o oo (A.17)
= j j ejfeo,ej,v (s,rlv)dsdr = u(p,v)
-0 /=gy (wp,xo)
y; is decomposed into regression and control functions:
y;i = vt x%w) + pi(p,v) + n; (A.18)

The error term in this equation n; is independent on (x*, x2, w).
If p is a propensity score and v is a residuals of endogenous variables equations then

on this stage p and ¥ will be fixed. (x1, x2, w) and (p, V) are two sets of different variables if

QPO (wy;,x01) @0

2002008 o 0 and rank(CE D) = dim(x?),

Every arbitrary functions y;(x',x?,w) and p;(»,7) may be approximated by
QM1(x*, x%,w)by; and QMz(p,V)b,; respectively, where Q™1(x',x% w) is polynomial
approximating series with a power M, QMz(p, V) is polynomial approximating series with a
power M,. Then y; may be approximated by the following equation:

i = QM (x*,x%, w)by; + Q™2(p,V)bsj + 1, (A.19)
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Equation (A.19) is identified up to an additive constant when conditions of Theorem 1
are satisfied. Polynomial approximations for y; and u; satisfy differentiability condition. And

Z A
# 0 and rank(—aQ L 2)ay

Wy 0z

o0Po Xoi)@
we also need 2922 WoiXo)

) = dim(x?).
Let b;j = (b1, bs)) and QM Mz (W) = QMrMz (x1, x2, w,p, V) =
(@M1 (x, x%,w), QM2(p,V)) then b; may be obtained by OLS as
b; = [(Q"+M2(W))'QMMz (W)~ (QM+M2(W))'y; (A.20)
With some large enough My, M,, QM:(x,x?,w)b,; is an approximation for
y;(x', x2,w). And b; = (b, , b,;) are consistent with independency of n; and (x*, x2,w) due
to

plim b = plim[(QMvMz2 (W)’ QMMz (W)]~1 (QMrMz W)y, =

n—->oo n—-oo

= plim[(Q"M2(W)) QMM (W)] 1 (™2 (W) (@M (W)b; +1m;) = (A21)

n—-oo

= b; + plim[(Q™*>(W))' Q"M (W)]~(Q™+*>(W))'n; = b;

n—oo

Then the reduced form residuals will be
& = yji — QM2 (xf, x2, wy, By, V)b (A.22)
4. On the fourth step we will estimate the structural equations corrected for sample
selection, endogeneity of x2 and simultaneity in y.

If e; has joint distribution with v, e, and e_; with density function f;_ .. then

E[ej|x1,x2,wj,y_j,z, w_j,wo,d = 1] = E[ej|v, e_j, go(Wo, x)+eq = 0]

© oo (A.23)
= f f ejfeoje,v(s,r|v, e_j)dsdr =@ v,e_;)
—o0 Y —go(wo,xo
y; is decomposed into
yj =g;(cL 22w,y )+ oi(pvies;) +g (A.24)

The error term ¢; in this equation will be independent on (xl,xz,wj,y_j).
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If p is the propensity score, ¥ are residuals of endogenous variables equations and é_;

are reduced form residuals then 5,7 and é_; on this step are fixed. And (x*,x2,w;,y_;) and

N : : . 9QPO (W x0)@ 9Q%1(x12)a :
(9, V,é_;) are sets of different variables if W + 0, rank(%) = dim(x?)
0
; ~ QM1 (x1x2,w)by;
and Vj € {1, ...k} 3W € w;, — Y+ 0.

Every functions g;(x* x2w;y_;) and ¢;(p,v,e_;) may be approximated by
Q% (xt,x%,w;,y_;)By; and Q%2(p,V,é_;)B,; respectively, where Q% (x!,x% w;,y_;) is
polynomial approximating series with a power &;, Q%2 (ﬁ, v, é_j) is polynomial approximating
series with a power &,. Then y; may be approximated by
y] = Q‘fl(xl,xz,wj,y_j)[)’lj + sz(p’\,f), é—])ﬁZ] + Ej (A25)
Equation (A.25) will be identified up to an additive constant if Theorem 1 conditions

are satisfied. Polynomial approximations for g; and ¢; satisfy differentiability condition. And

Q%1 (x,z)a,
0z

aQPo X))@
we also need 2222 WoiXo)&

e # 0, rank(

) = dim(x*) and Vj € {1, ..., k} IW € w;,
QM1 (x1,x%,w)b,

pye * 0.

Let Bi = (Bij,B2j) and Q%52(X) = Q%52 (x, x2, wy, y_j, BV, 8_;) =
(Qfl (xt,x%,w;,y_;), Q%2 (p, v, é_j)) then the estimate for 8; may be obtained by OLS as
B; = [(Q5%(20)) @54 (0171 (@54 X))y, (A.26)
For some large enough &;,&,, Q% (x*,x2,w;,y_;)B;; will be an approximation for
gj(x,x?,w;,y_;). Estimate B; = (B, B,;) is consistent with independence of & and

(x1, %2, Wj,y_j) due to

plim f; = plim{(Q142 (X)) Q&% (01 (¢42(0) ) 'y =

n—-oo n—-oo

(A.27)
:plim[(Qfl,fz (x)) Q5182 (X)) (Qsﬁ.ez (x)) Q%32 (X0)B; + ) =

n—-oo
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= B+ plim[(Q5+42(0) ) Q542012 (Q5%2(0) ) & =

n—oo

Then the structural form residuals will be

& = yji — Q2 (X0 (A.28)

5. Onthe last step we will estimate the probability of default equation corrected for sample
selection and endogeneity of contract terms using propensity score, residuals from loan
limit equation and structural form residuals:

Eldeflx,x%y,z,w,d = 1] = Gaer (x*, %%, Y) + @aer (B, €) (A.29)

If ¢; has joint distribution with v, e, and e with density function feo,e,v,edef then

Elegeslx', x%,y,2,w,d = 1] = E[eger|v, €, go(Wo, Xo)+eo = 0]

© oo (A.30)
= f f edeffeo,e,v,edef (s,r|v,e)dsdr = Paef (p,v,e)
=00 J—go(wo,xo)
def is decomposed into
def = gdef(xllley) + (pdef(p:V; e) + gdef (A?’l)

The error term g4, in this equation will be independent on (x*, x?, y).

If p is the propensity score, v are residuals of endogenous variables equations and é

are structural form residuals then p,7 and é on this step are fixed. And (x1,x2,y) and (p, 9, é)

. . . P i XoD)@ Q%1 (x1,z)a , ;
are sets of different variables if W =0, rank(%) = dim(x?) and Vj €
0
- QM1 (x1,x2,w)by;
{1,..,k} 3w e w;, Py # 0.

Every functions gger(x',x%y) and @g.r(p,7,€) may be approximated by
Q% (x', x%,y)a; and Q% (p,v,é&)a, respectively, where Q% (x',x2%,y) is polynomial
approximating series with a power 6;, Q% (p, v, é) is polynomial approximating series with a
power 8,. Then def may be approximated by

def = Q%1 (x%, x2, y)a, + Q%2(p,7,&)a, + Edef (A.32)
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Equation (A.32) will be identified up to an additive constant if Theorem 1 conditions

are satisfied. Polynomial approximations for g,.r and ¢ satisfy differentiability condition.

. Y- zZ 1 ~
And we also need 2o o o g 20D _ i (x2) and v € {1, .., k)

Wo 0z

QM1 (x1,x2%,w)by;

Y™ * 0.

Iw € w;,
Let a = (a,a) and QO102(3C) = Q%2 (xt,x2,y,p,0,8) =
(Q91 (x1,x2,5),0%(, 7, é)) then the estimate for & may be obtained by OLS as
& = (@02 (30)) QO02(30)] " (Q¥92(5)) def (A33)
For some large enough 6;,6,, Q% (x',x2 y)&, will be an approximation for
Jaer(x',x%,y). Estimate @ = (d&,,&,) is consistent with independence of &4, and (x*, x2,y)

due to

plima = plim[(Q%%2(30) ) Q#1#2(3)1™ (Q#492(%¢)) def =

n—-oo n—->oo

— plim[(le’ez (%))' Q91192 (7(:)]—1 (Q91,92 (,’]C)), (Qel,ez (j()a
neo (A.34)

+ gdef) =

a + plim[(Q%2(30) ) Q#+92(30)] 7 (Q%2 (%)) eges = a

n—-oo
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