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Abstract

This paper develops a modeling technique of “attainable profit” functions, applying it to two models of mo-
nopolistic competition. First, it revisits the Krugman’s classical trade model in the most general form: several
asymmetric countries and non-specified additive utility functions. We establish the weakest conditions on utilities,
sufficient for the existence of equilibria. These conditions are also necessary under symmetric preferences. Equilib-
rium uniqueness is proved only for the case of two countries. Second, we study another, “indirectly additive” trade
model (Bertoletti and Etro, 2015), and establish weak conditions on non-specified indirect utilities for the existence
of equilibria in several asymmetric countries.

Keywords: international trade, monopolistic competition, variable elasticity of substitution, variable markups,
existence of equilibria, attainable profits

JEL: F12, L13, D43

1 Introduction

This paper contributes to the foundations of New Trade theory and develops a technique of analysis. New Trade the-
ory emerged when Krugman (1979) adapted ideas of monopolistic competition to international economics, thereby
revealing trade gains from diversity. Subsequently, many papers studied various properties of Krugman’s classical
model with constant elasticity of substitution (CES) or variable elasticity of substitution (VES). Although after
Melitz’s (2003) paper, trade theory largely turned to heterogenous firms, Krugman’s approach remains relevant for
many research questions, especially in its general VES-version with non-specified utilities (lacking closed-form solu-
tions). These questions include the Home-market effect, the microfoundations of gravity equations, the estimation
of trade elasticity, pro-competitive effects (Mrazova and Neary, 2014), and welfare analysis (Arkolakis et al., 2019).
In spite of the extensive use of the Krugman’s general model, what remains unclear is the weakest condition on
utility functions sufficient for the existence of equilibria.

We fill this lacuna with the help of our new concise reformulation of the model, performed through “attainable
profit” functions, dependent only on market aggregators. Further, a similar technique allows us to also find suffi-
cient conditions on indirect utility functions for the existence of equilibria in the Bertoletti and Etro trade model
(Bertoletti and Etro, 2015). This interesting model has generated studies of income effects in trade (see Bertoletti
et al., 2018).

Where can our theoretical findings be useful? First of all, our existence theorems delineate the possible/impossible
choice of utility specifications in VES trade modeling, especially for empirical studies that calibrate VES trade mod-
els; see Arkolakis et al. (2019), Costinot and RodrAguez-Clare (2014), and also Bertoletti et al. (2019). Indeed,
one should know the range of utility /demand functions that can/cannot be exploited when searching for the best fit
for the data. Second, the proof of the existence/uniqueness of equilibrium supports all theoretical papers devoted
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Etro model. An earlier version of this paper (2020) did not include the uniqueness result and Bertoletti-Etro model. The study was
financed by the HSE University Basic Research Program.
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to comparative statics and the properties of Krugman’s equilibria; otherwise these well-known results may be dis-
puted. Third, our paper develops a convenient “indirect” method of modeling the demand side through “attainable
profits”, which is not common (a rare example is Asplund and Nocke, 2006). This approach allows us to reduce
the equilibrium equations to a concise form involving only market aggregators. Prices and sales are subsequently
derived from the equilibrium values of two groups of aggregators: marginal utility of income and wages in each
country. This technique, as well as our non-trivial tricks for applying the fixed-point theorems (generalizable to
various models of monopolistic competition), may be interesting for theorists.

Krugman’s (1979) canonical VES setting is taken in its most general form: several countries with possibly
asymmetric (linear) production/trade costs, possibly asymmetric unspecified additive utilities and asymmetric pop-
ulations.

We provide the weakest known sufficient conditions on preferences for the existence of equilibria. These con-
ditions are also necessary-and-sufficient for symmetric utilities (under the usual elementary utility function, i.e.,
neoclassical, thrice differentiable, and allowing for monopolistic competition). Essentially, it says that when con-
sumption increases infinitely, the limit of the marginal utility is: (i) either non-positive; (ii) or positive but the
second derivative of the utility multiplied by the squared consumption tends to negative infinity.?

When utilities are symmetric among countries, these sufficient conditions also appear to be necessary, but only
when we need to ensure the existence of equilibria under any parameters of marginal, fixed, and trading costs, and
any populations and any number of countries. At the same time, there can be specific cost parameters that generate
equilibria even for some utilities violating our conditions (when profits remain finite). So, we almost completely
characterize the family of symmetric utility functions suitable for Krugman-type modeling of trade with any linear
costs. Still, under asymmetric utilities necessity remains an open question.

Our conditions for equilibria are the same as in a closed economy. This means that trade per se does not add
restrictions on the class of utilities suitable for monopolistic-competition modeling.

Technically, we achieve our results through formulating equilibria in terms of “attainable profit functions”,
dependent on market aggregators, instead of consumption volumes as the main variables. This promising “indirect”
formulation is shown to be equally applicable to indirectly-additive trade models, suggested by Betoletti and Etro
(2016).

Betoletti and Etro’s indirectly additive model is our second setting studied. Bertoletti and Etro (2015) suggested
using an indirectly additive utility function as the main primitive of the model to achieve tractable income effects
(elusive under Krugman’s additive modelling). The indirect framework opens new horizons; being generalized to
heterogenous firms, it allows for interesting empirical estimates connected to incomes (see Bertoletti et al., 2019).
We apply our technique to the initial, homogenous version of the model and prove equilibria (which has not yet
been done). The sufficient conditions on indirect utilities are found to be natural, the same as used by Bertoletti
and Etro for studying income effects. Essentially, they require the elementary indirect utility to be decreasing in
price, convex, and vanishing at the limit.

Literature. The growing VES literature on monopolistic competition and trade supplements the old CES tra-
dition. VES studies establish more general theorems about the robust qualitative features of equilibria, independent
of certain demand specifications, supported by VES empirics.* However, as we have noted, the existence of trade
equilibria remains incompletely studied.

The seminal VES paper Krugman (1979) shows the existence of equilibria for two symmetric countries under
increasingly elastic demand functions. Extending this proof to N symmetric countries is rather obvious. However,
the asymmetric VES case is far from trivial, as the present paper shows. The reason is that the Brouwer fixed point
theorem cannot be applied straightaway due to the lack of reliable constraints on the variables. These boundaries
have to be skillfully constructed and implemented. This technical difficulty explains why typical VES-trade papers
do not include propositions on the existence of equilibria, see Mrazova and Neary (2014), Arkolakis et al. (2019),
Bykadorov et al. (2017). The only exception is Morgan et al. (2020). Adopting restrictive assumptions of two
countries and choke price, they prove the existence of Krugman equilibria for two cases: two cost-asymmetric

3Essentially, condition (ii) (limg— oo z2u’ (z) = —00) in terms of utility amounts to unbounded attainable profit when marginal cost
vanishes. Not every increasing concave elementary utility suits our conditions (i), (ii); we provide examples of functions violating both
versions.

4As to heterogeneous firms A la Melitz (2003), see related VES model in Arkolakis et al. (2019). Other VES studies of trade
implement multiple sectors of economy (Morgan et al. 2020), variable technology (Bykadorov et al. 2015, 2017), multi-product firms
(Boehm et al. 2020), etc.



countries and two symmetric countries with K sectors. Our propositions generalize the first theorem, allowing
multiple countries and the weakest possible restrictions on preferences.

Allen, Arkolakis and Lee (2015) formulate general methods of proving the existence and uniqueness of equilibria
in trade models. Essentially, they advise formulating the demand mappings and apply fixed-point theorems when
their conditions are satisfied. In our case, the crucial difficulty consists exactly in finding conditions on utilities and
appropriate bounds on variables that make the demand mapping suitable for the application of general theorems.

As to studies of monopolistic competition without trade (a closed economy), Zhelobodko et al. (2012) find
the necessary and sufficient conditions for the existence of equilibria, which is cost-specific (joint conditions on
utilities and costs). By contrast, our paper finds a cost-independent assumption on utilities, which is necessary and
sufficient both for a closed economy and Krugman’s trade model. The existence of equilibria was not studied in the
Bertoletti-Etro paper, as we have pointed out.

Sections 1-3 study Krugman’s model (the existence, uniqueness and extensions of equilibria), Section 4 considers
the Bertoletti-Etro model. Then the Conclusion and Appendix with auxiliary proofs follow.

2 Krugman’s general model in terms of attainable profits

We study the classical Krugman (1979) model of trade in its most general non-CES form.

A single differentiated good is traded among k countries k € {1, ..., K}, each having a specific population I > 0
and specific costs/utilities. The only production factor, labor, is immobile among countries. Free entry drives firms’
profits to zero, thus determining the endogenous mass Ny of firms in each country. All consumers are identical.
Each inelastically provides a unit of labor, in exchange for the endogenous country-specific wage wy, determined by
labor market clearing. Firms within every country are identical and each produces a unique variety of good.

2.1 Consumers, assumptions, demand

Now we introduce the standard Krugman trade model, and reformulate it through “elementary” revenue/consumption
functions to present the reduced form of the model. We also explain why these functions should be continuous,
monotone, etc.’

Consumers. Consumers maximize their utility which depends on the consumption of all varieties produced
in the world, inelastically selling their labor endowment. Each identical consumer in country j solves the following
maximization problem:

K Ny, K Ny
max U; = Z/ uj(Twrj)dw subject to Z/ PukjZwk;jdw < wje;,
Tk >0 0 0
k=1 k=1
where p,; is the price of variety w of country k in country j and z.; is the consumption level of variety w
of country k which each consumer in country j chooses, and u;(x) is the sub-utility function of any consumer in
country j. We impose several widely accepted assumptions on the sub-utility function.

Assumption 1. Sub-utility u;(x) : [0, X) — R is continuous on its domain and at least thrice differentiable on
(0, X) for some finite or infinite saturation point X > 0 of u;(z)

u;(0) = 0, wj(x) >0, uj(xr) <0 Ve (0,X), (1)
uj'(z)x + 2uf (x) <0 Yo € (0,X). (2)

The traditional assumption (1) implies that utility is normalized at zero, increasing, and strictly concave.
Assumption (2) ensures the strict concavity of profits, which provides similar (symmetric) choices of similar firms,
as we shall see. These assumptions are essential for modeling monopolistic competition, without them the model
becomes intractable.

5Such technique was sometimes used for non-Krugmanian models of monopolistic competition, e.g., Asplund and Nocke 2006,
Mrazova and Neary, 2017.



Assumption 2. Finite or infinite point X is a saturation point in the sense that

: !
3:1_13(17 uj(z) = 0. (3)
Though this “saturation at the limit” assumption (about vanishing marginal utility) is not vital for monopolistic
competition modeling per se, it is needed for our proof. Being not very restrictive, it is further attenuated in another
section. Put together, Assumptions 1-2 admit all practically used utility functions, including CES, CARA, HARA,
linear-quadratic, as well as many others.”
Under our assumptions, each consumer’s utility maximization yields some demand function @,x; (Pwr;, A;), which
generates the following inverse demand function:

i (Toky)

Pok;j (wakj, /\]) = . )
J

where )\; is the Lagrange multiplier of the budget constraint which could be interpreted as a price-aggregator in
country j (the marginal utility of money). Plugging this price into the budget constraint yields
1o M
Aj = U (Tokj ) Twkijdw > 0.
J we; ;/0 ]( ij) wkj

Under our assumptions, the uniformity of demand functions across varieties ensures single-peaked producer
profits. This, in view of identical firms in each country, guarantees the identical (symmetric) behavior of firms
within each country. This means that all firms from any country k set the same price py; for consumers of country
j. Consumers from country j, in turn, buy the same amount x; of all varieties from country k. So, we can drop
index w and simplify the inverse demand function as

) (2kj)
ij(wkj,)‘J‘):ij/\vj . (4)
Y

We now turn to producers.

2.2 Producers and attainable profits

As mentioned, firms are similar within every country j, each supplies one variety and has an affine production-cost
function C;(g;) = f; + ¢;¢;, dependent upon the fixed cost f; > 0, marginal cost ¢;, and firm output ¢;. Exporting
also involves some destination-specific, possibly asymmetric, iceberg transportation cost coefficient 75 (7;; = 1).
This means that for supplying z;, units to country &, a firm from country j must produce 7,2 units.

Facing the direct demand function x5 (-) and aggregator A;, any firm from country j can maximize its profit
function in prices. Equivalently, the firm can use the inverse demand function p;,(-) from (4) and maximize its

profit in output ¢; = Zle TikZ klk, i.e., in sales x:

K
Profit; = » (D, (wjk, )2 jklk — wic;Tinwply) — wif; =
k=1
5 (k)T ik — ARWCTjLT K
:Z k\*"J J " J=3'g ]lk—wjfj. (5)
k=1

We need to derive the optimal choice of sales and the maximal attainable profit for all possible parameter values.
The above derived representation implies that the choice of sales x;;, depends only on the value of one “composite
cost” denoted as f3;, := Apw;c;Tjx, and on the properties of sub-utility function ug(z). This one-argument feature
justifies the following “attainable functions” approach.

We now introduce and derive several functions related to any sub-utility function ug(x) (fixing, for brevity, index
k). Let us ignore for a while multiplier 1/, to define the “elementary revenue” function Ry (z) and the “elementary
profit” function Pry(z, ) as follows:

up(x)z, >0

Ry (x) := { 0, r=0" (6)

SCARA utlity is u(z) = 1 — exp(—pz), HARA is u(x) = (z + a)? — a?, linear-quadratic u(z) = ax — ba?.




Pri(z,B) :== Ri(x) — Bz, >0, 5> 0.

These two functions are continuous by Assumption 17. Restoring multiplier 1/\;, we reformulate the producers’
profits (5) in any country j through the elementary profit function:

. pr (Tjk, \NeW;iCiTik)
k(LK ARW;CjTjk
Proﬁtj = E J . A —’LUjfj. (7)
k=1

To maximize Pry(z,3) we use Assumption 1. Taking the derivative with respect to « on (0, X) and equating it
to zero, we get FOC: v}/ (2)z + uj,(z) — f = 0 <= [ = u}/(z)z + u},(v) and define a sort of “marginal revenue”

Br(z) = u)(z)x + up(x).

By Assumption 1, this B¢(+) function is continuous and decreasing. It declines from 3, = lim, o+ u} (z)z +u} (z) >
0% to B, =lm, , x- uj(z)z + uj(z) < 0. This implies that 8y (z) must have an inverse function:

Ee() =B () s (B Br) = (0,X),, (8)

0] of the
domain of z () when ék < 0. The upper limit 5;, can be either finite or infinite. If it is finite, we extend z(8) =0

where 2, is continuous and decreasing from X to 0. Hereafter we exclude the lower (unneeded) part (3

for all B > B,, otherwise, ©4 () need not be extended. Note that the resulting (/) is continuous, non-increasing,
and non-negative. A trivial observation is that &x(8) = argmax Pri(z,8) VB > 0. This allows us to treat z(53)
x>0

as the firm’s best-response function, a sort of “optimal sales” (that motivates accent °). It links each composite cost
B > 0 with such sales x that a profit-maximizing producer would choose. So, we express the optimal producer’s
choice as
Tk = Jo,‘k()\ijCjTjk) = i‘k(ﬁ]k) (9)
We now plug the above best-response function — “optimal sales” — into our elementary revenue and profit functions
to get “attainable elementary revenue” and “attainable elementary profit” functions:

m(8) == Ri(2x(B)) > 0, 7x(B) := Pri(zx(53),8) > 0. (10)

These functions are obviously continuous. 74 (f3) is positive and decreasing on (0, B) and 7 () = 0 for extension
B > By if B} is finite?. We now introduce one more useful “profit” function:

This I1,(3) is non-increasing on (0, +0c) and decreasing on (0, ), having the range (0,+00). So, I1(8) has an
inverse function IT;. ! : (0, +00) — (0, B, ), which decreases on its domain. We call functions &4 (3), 7 (8), 7% (8), Ik (3)
the attainable functions. In our expressions we shall often omit the arguments of the recently developed response-
functions, using brief notations:

ik o= (Bin)y Tk o= 7r(Bin)s Wjn = (k).

Applying these notations to (7), the maximum profit achieved by any firm in country j can be expressed through
our “attainable profit functions” as follows:

K
P ks ABW;Ci T
max Profit; = max i (Tjks M35 Ti) w;f; = (11)

x5, >0 k20 £~ Ak
K& (Aew;c;Tik) X l

k(Ak k o k
Z ] JJ — L —w; f; :U}jfj(an()\kchjTjk)chjkf__1>'
k=1 k=1 J

“For proof that lim,_,+ u} (z)z = 0 see Claim (5)
8See Claim (6)
9See Claim (7)



2.3 Equilibrium equations

This sub-section introduces the system of equilibrium equations.

These conditions for each country include: the zero-profit assumption (ZP), labor market clearing (LM), the
budget constraint (BC) and the trade balance (TB). They are expressed first in terms of sales x5, then in terms
of intensities of competition and wages Ay, w; as the main variables.

ZP states that firms enter the market until profits vanish:

K

[ZP]: > (pjnskle — wic;Tinwiklk) — wifj = (12)
k=1

K
= wjfj( (Akw]chjk)C]Tjkf ) =0Vj.
k= J

Labor Market clearing asserts that labor is fully employed:

K
LM] s 1= Nj- (fj+ > cjminzsule) = (13)
k=1

K
= Nj . (fj + chTjk‘%k(AkchjTjk)lk> V.

k=1

Here the left-hand side [; shows labor provided by all workers, while the right-hand side is the mass of firms
multiplied by the total labor costs of each firm.

Budget Constraint, as usual, requires that workers cannot spend more than they earn (naturally, at equilibria
it becomes an equality):

5 (A jwg T .
[BC]: wjl,; = ZNkpkjwal = ZN ’“ b ’”)zj vj. (14)

In other words, all money earned in country j is spent on all goods purchased (identical workers spend their
incomes identically).
Trade Balance implies that all imported goods are worth as much as all exported goods:

K K

[TB N ijkxjklk—Zszwxml V] (15>
k=1 =1

i 2 /\kaC]TJk ZN /\wZCﬂ'U)l Vj
_ P i V5.

Definition. Trade equilibrium is a bundle

3K 2K2
{)\j;wj7Nja(fﬁjk)lngK7(pjk)1SkSK}1SjSK S RJF X R+
that includes price-aggregates, wages, the numbers of firms, sales, prices, and satisfies: (i) utility-maximization
(4); (ii) profit-maximization (9)-(10), (iii) Zero Profit condition (12); (iv) Labor Market clearing (13); (v) Budget
Constraint (14); and (vi) Trade Balance (15).

Here, as usual, TB follows from the summation of BC (under labor balance and zero profit). This explains why
our list of 6 (groups of) equations is not excessive for fitting only 5 (groups of) variables.!?

10See Appendix.



2.4 Equilibrium existence in Krugman’s model

In this subsection, to prove the existence of equilibrium, we reformulate our system of equations in the form suitable
for applying the Brouwer fixed-point theorem.
First, using new convenient notation for variables p; = Ajw;, we rewrite ZP (12) as

K
w; _wJZHJ’“CJTJ’ff Vi &
k=1 J
—wJZHk cJTjk)chka 5. (16)
J

Second, we plug IN; from LM into BC to get

K
lkrkj

K
oo T ek Do ThiTkil

Ajw; =

K ;"(ﬂ'%ckﬂc‘)lk
=3 I Twy 7Y V3. (17)
k=1 fk + ¢k Zz 1 Tk"L (Ml w; Cka’L)ll

Third, as we have said, when ZP, LM, and BC hold for some country, then TB is also satisfied in that country,
so TB is superfluous in the further analysis. Moreover, these two 2K equilibrium equations of {u;,w;}, <i<K
are not independent. One of these symmetric equations (16), e.g., the first one, can be derived from others when
other equations (16)-(17) hold.'! Since wages come into equations as ratios, they allow for scaling, i.e., the free
choice of wages/numerarie level. We can therefore reduce our setup to 2K — 1 equations in 2K — 1 unknowns

{(uj)l <i<K> (wj)2§jSK} by normalizing the first wage as
wy = 1. (18)

This identity from now on supersedes the first one of equations (16). We will establish the existence of equilibrium
using this system.

These considerations justify the three-stage sequential solution method:

Remark. Under Assumptions 1 and 2, any trade equilibrium in Krugman’s model can be found in three stages:
(1) finding aggregators/wages (u, w) from the equation systems {(16), (17), (18)}, (2) finding sales x from equations
(9) using (p, w), (3) finding prices p and the number N of firms from equations (4), (13).

Thereby, the reduced form (16)-(18) of the equilibrium equations enable us to formulate the sufficient conditions
for the existence of equilibria in a very general form, as follows (we postpone one more generalization — relaxing
Assumption 2 — to the Extensions section).

Proposition 1. Under any positive populations/costs ({;,¢;, fj},.;<, > 0, Tj5 > 1) and Assumptions 1,2 on
sub-utility functions u;(-), the reduced trade model {(16), (17), (18)} has a positive equilibrium {f;,w;} 1<j<x >0
in terms of price-aggregators and wages, which determine prices, sales, and the number of firms as in Remark 1.
Thereby, an equilibrium satisfying the initial equation systems {(12)—(15)} exists.

Proof. The main idea of our proof is to use the Brouwer fixed point theorem. It states that a continuous
mapping of a non-empty convex compact into itself—always has a fixed point. First, we define a convex compact
set 2 C R385~ sufficiently broad to include all possible solutions to equations {(16), (17)}. Second, we define “the
Brouwer mapping” F : Q — Q whose fixed points (price-aggregators and wages) should be the equilibrium points.
Third, we show that any fixed point of F' is really an equilibrium point in our model.

The boundaries. To start with, we introduce useful notations for the extremal values of our parameters:

fm =min f;, ¢y, :=mincy, by, == minl;, 7, := mjnmlcinrjk <1,
J J J J

118ee Lemma 1 in the Appendix.



fu i=max f;, ey := maxcy, Iy = maxl;, Ty = Max Max 7 > 1.
J J J J

We now start constructing some constants fi,,, iar, w™, —, used as boundaries for the convex compact set
w

1
K K- 2K —

Q= [pm, pa]™ x [w™, wi'rn] PCRET, (19)
serving as a domain for our mapping F. The boundaries pi,, tiar, w, i of our compact set will play a key role in
our proof. The way they are constructed will allow us to show that any fixed point of mapping F' is an equilibrium
point. We start with gy using R;(-) definition (6):

R;(z)l
par = K max sup (@)l > 0. (20)
j

0<x fm + Cmemlm

Here each of K supremums is finite because each fraction fi(:m) is continuous on [0, X) and, under Assumption 2,
vanishes at the saturation point X:12
u; ()l lim,_, x u; ()l

lim 7 = =0.
z—X Tm + Cmelm llmw*)X (me + Cmelm)

Therefore, the upper bound pp; is finite. Plugging constants into function H;l (which is well-defined and positive,
as previously established), we define the lower bound ., as

1 .
fin = —— min I ( Iu ) > 0. (21)
m
We now show that g, < pas. Denote by ¢ an argminimum in the definition of p,,. We can rewrite the definition

of bound p,, as:
1 ﬁ1( i ):> fm _Wz(2MmCM):

Hom. = 2 ¢ Cmlm Conlm 20mChr
Q,UmCMfJM o ° 1 Cm 72“(2MmcM)lm
— =732 m -2 m 2 (2 m = Um = ! S -
Cmlm TZ( K CM) K CMJ:Z( H CNI) H 2cy fM + CmT; (2MmcM)lm
Lem  Ry(8;2umens))lm R; ()l
- m AN A < K max sup ———~~—~ = .
2 ey fur + em®; (2pmens)lm j og% Jm + emTmTly paa

This strict inequality is guaranteed because the supremum in z at the right-hand side is taken, and multiplier % is
used. We now define bound w™ as:

1

wh = — it (I ) S, (22)
2/~LMCM7-M 7 J ConTmlm

Since w™ and u%m are our lower and upper boundaries for wages, we should make sure that w™ < 1. Denote by

i the number where the minimum is achieved in the definition of w™. With the same algebraic manipulations we
get:

SRR S S G )V SN ) VR ¢ VA0 Vs VO N
2uprem ™ '\ CmTmlm CmTmlm 2pupw™ e T
11 R:(z:2uprw™epmar))l 1 Ri(x)l
= " = — = SmTm i(3( /fM MTM)) b < — K max sup _ R =1.
par 2 epar fur + e T @; Quarw™ e mar)lm v 7 0<a fmo+ CnTm@lm

Thus, we have shown that w™ < —L-. So, Q is correctly defined in (19), it is a non-empty subset of R} ~". Since

Q) is a Cartesian product of closed intervals, it is a non-empty compact convex set. Its elements will be denoted

W = (/’L7w) = (/’[’jijil)lgjgl( SRt

12X = 4o for typical u. Vanishing is not guaranteed under Assumption 2* in our subsequent generalizations, yet, the limit remains
finite.



The mapping. We are ready to define a mapping F' :  —  for applying the Brouwer fixed point theorem as
F (@) = (1 (), (), namely

K

Tkjlk .

@, (w) :== max s | Y, (23)
! (;; fr+ck Zfil ThiThils )

K
1
w; (w) 1= min <max <wJ g Hch]T]kf m) wm> Vi > 1. (24)
i

k=1

We have ensured that our functions 7 (w), & (w), IIx(w) are continuous, whereas maz, min operators preserve
continuity, thereby mapping F' is continuous.

We should ensure that F' maps its domain € into itself and not outside. Component w; (w) of this mapping fits
the boundaries [wm, wm] by construction; operations maz, min artificially restrict w. We should estimate another
component, f; (w), from its upper, unrestricted side. If not hitting the lower boundary p,,, our variable K equals
magnitude

K Tkjlk K Tkle K Tkle
<27 <2 7 l
k=1 fk + ck Zz 1 Tkzxkz % k=1 m T CmTm Zl 1 xk’b m m + CmTmTkj
i (@rs) e Rj (%)l ;
= < Kmaxsup —————— = Yu; >0, Vw1 >075=1,..., K.
Z fm + Cmexk)]l J 0<I; fm + Cmexl pat Hi ’ 7 J

Thus, the upper bound is satisfied as p; (w) < ppr for all w, and we have constructed a continuous mapping
F from a convex compact set €2 into itself. So, by the Brouwer fixed point theorem, our mapping F' must have at
least one fixed point. It will be denoted & = {wj, 15}, <i<K (we include an additional component w; := 1). We
shall further use the following intuitive notation with " for all fixed-point components:

Bik = NeiciTin, Tk = x(Bik), Pix = Tu(Bix), fjn = 7(Bjn)-

Now we show why any fixed point of our mapping is a true equilibrium point.

Boundaries do not bind. Our construction of mapping F' artificially restricts the set of values that F' can
take. This creates the possibility that a fixed point lying on any boundary of £ will not be a true equilibrium,
i.e., not a solution to the initial equations (16)—(17). To exclude this case, we will show that none of the artificial
constraints is binding at any fixed point. We start by showing (by contradiction) that hitting the boundary w; = w™
is impossible for any j > 1. Suppose that w; = w™ for some ¢ > 1. Then

K
. I 1
A mo o ok m
W; = w™ = min (max (wlg HZkCllef"w » o >

k=1 g

Ik
(Mk ~ Cszk)ciTik? =
i

Uk
(Mk = Cszk)CiTik:? >
1

Iy l
> W™ (i w” le)cml > W™ (uar W™ Car T ) Con T 2 =

fz fM
Ay 8

> 1L (papw™eptv) =
CmTmlm

1 . 1 .
= w" > ————1I;! ( S ) > min IT; ! (fM ) = 2u™
HMCMTM CmTmlm HMCMTM  J CmTmlm
Since w™ > 0, we came to a contradiction w™ > 2w™. We conclude that at the fixed point the lower bound is

not reached: w; > w™ Vj > 1. We now prove that reaching the upper bound w; = wim for any j is also impossible.
We apply Lemma (1) from Appendix to our fixed point. The Lemma considers some vector y = (w,z,p) and




restores, as an inequality, the omitted ZP condition for the country j = 1, using K inequalties like BC (23) and
K — 1 inequalties like the ZP condition (24). We use the fixed-point values for vector y:

I e} -
J’( J )1§k§K’( j )1§k§K 1<j<K
s A N
(A ) R uk(xjk)wk
= Wi, \Tjk Pjk = —
Jr\ Pk <k<K | Y
- Hk
1<SkE<K/71<j<K

For applying Lemma 1, we use the fact that the lower bound w™ is not reached by wages:

K K
I, 1 . o /W, Ui
W = min <wj ZH]kC]Tka wm> < wj ZH’“ (ukw—ichacjrjk? <=
k=1 J

k=1

K
<= Z(ﬁjkijklk — If}jCjTjki‘jklk) —w;f; >0 Vj>1,
k=1
which shows that the first set of inequalities required for Lemma 1 is provided. To guarantee the second set, observe

K il K il
N kjlk kjlk
uj:maX<Z T ,um)zz i

o e ek D iy ThiTkil o Jh ek D iy TriTkil

= wjl; > —DjTrjl; Vi
Z fk? + Zz 1 Ckalxkzlz
Thus, the Lemma is applicable. It yields the following inequality, satisfied for values of our fixed point (we use
identity w; = 1):
K
Z(ﬁmflklk — w11 Tk1kle) — W1 f1 <0 <=
k=1

1>an<

Suppose the upper bound is achieved as w; = W for some i. Then we have:

)Clle%. (25)

l Ai l ~ li
1> an( 017'11@)017'11@7 > 1I; (5'01T1z)017'11f1 = 1II; (Mz’wmclTli>ClT1iE =

1
=™ > 71_[;1 ( Im ) > m'inl_[j_1 (fM ) = 2™
HMCMTM CmTmlm HBMCMTM  J CmTmlm

Since we arrived at a contradiction, we conclude that w; < ﬁ holds for Vj > 1. At this point, we have
established that our mapping F' generates real, not artificial values for wages:

l .
w; = w; Zﬂk (,uk — C]T]k)C]Tjkfk Vi > 1.
k=1

Together with ((25)), it implies that

Ik .
Wy > Wy E Hk(,uk — CJTjk)CJTJ}Cf V3.
k=1

Now we want to show that for the price aggregators 1 the lower boundary fi; = ., is also not attained. Suppose
that fi; = p,, for some i. Then by applying the familiar trick, we come to a contradiction, as shown below:

Uy
wz > wz Z Hk( wzcszk)Cszk? >

7
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1
-+ = Willi(pmei)ei >

4fz fz a

> L (merr)em 2 = iy > I (fM) > 1m,mH-‘l( Jar ) = 2.
aYs cM Cmlm e i 7 \emlm
Since p,, > 0, it is a contradiction. So, we have proved that none of the artificial boundaries used to restrict our
mapping F' is binding at any fixed point. Without these artificial restrictions, our mapping exactly expresses the
needed equilibrium equations (16)—(17). Thus, any fixed point @ (which exists, as we have shown) is an equilibrium
point. Using @, other equilibrium variables — prices, sales and masses of firms — are easily found with Remark 1.
This completes the proof. Q.E.D.

3 Necessary condition for Krugman’s equilibrium, equilibrium unique-
ness

3.1 Generalized condition on marginal utility

For equilibria existence we imposed Assumption 2 on u; (demand saturation at the limit). However, our proof can
be extended to a broader class of utility functions w by using the following “weakest sufficient” condition.
Assumption 2*: Elementary utility u; in any country j satisfy

X =400
Th_{r)l{ wi(x) <0 or Qlimg o0 uf(x) >0
limy, oo —u) (2)2% = +00

This assumption means that, whenever our marginal utility (inverse demand «’) is not vanishing at the limit, its
(absolute value of) derivative (—u;-' ) must not decrease too fast. This property guarantees that the attainable profit
increases infinitely when marginal cost vanishes (one can see this from combining the FOC u/(z) 4+ zu” (x) = 8 with
the “elementary profit” function zu'(x) — Sx), which is used as follows.

Proposition 2. To prove the existence of equilibria as in Proposition 1, we may replace Assumption 2 (asymp-
totic saturation) by Assumption 2%, the conclusion remains true.

Proof. We mention only amendments to the previous proof. We used Assumption 2 (asymptotic saturation) to
construct in (9) our sales function Z; (the inverse function to the marginal revenue) in such a way that its domain
be (0,00). For those countries where Assumption 2 is satisfied for u;, no amendment is needed. We should check
domains and ranges of Z; for other countries.

Define T as the set of countries with lim,_, o uj(2) > 0. As in definition (9), for any such country t € T
we construct the best-response function #;(3), but now it has domain (f8,,+o0) instead of the usual (0,+0o0)
(where the lower limit is 8, = limy 4o uf (2)z + up(2) = limg oo up(z) > 0).!3 We define the upper limit as
B, = lim,_ou}/ (x)x + u}(x) > 0 under our assumptions. Our new best-response function #;(3) spans (0, +o00) on
(Qt,ﬁt). We set () = 0 on the upper interval [3,, +oc) in case f3, is finite.

As in definitions (10), we construct “attainable” functions 74(8) and 7,(8) from @:(5). As before, function 7 (+)
decreases on (3 t’Bt)’ whereas it equals zero for larger 8 > f3;, in case f3, is finite.

Using identity (u} (2:(8))Z+(8) + ui(4:(8))) = 8 we can express the maximal attainable profit as

dim —u(2)a =l (uh(x)e — (uf (2)o + uj(2)) @) =

= Jim (4 (()(®) ~ () = Jim 7(8) = oo,

because lim,_, o —u} (x)2? = 400, by Assumption 2*.

I3For proof that limg—s 400 uf (z)x = 0 see Claim (8) in Appendix.

11



Thus, our decreasing function 1L, B) = 7:(B) pag range (0, +o00) on (3,,5,) (taking value 0 for g > 3, if finite
B Ep it t

and therefore Il has the inverse function II;* : (0, 4-00) ¢ ([5t,Bt).

We are going to make our previous proof of the existence of equilibrium applicable to the case when set T
is non-empty. For all ¢ € T, we should extend the definition of our “attainable” functions &y, 7, 7y, II; — from
(B o +00) to the broader domain (0, +00). The latter should contain all positive arguments needed in our proof,
even the small ones.

To construct such an extension we need to choose some value Z; of function z;(-) that can be attributed to all
small arguments (0, 3 1t]. However, since (S 75) = oo it cannot play the role of Z;. So, we need an argument Bt

somewhat larger than ét to define 7; := :%t(Et), e.g.,

B = i(ﬁt () +5t> > 8,

Using this new constant, we can define artificial functions Ty, Te, e, I extending their values at Bt to all argu-
ments below S, in the following way:

7(B) := ¢ (max{}, Bt}) 7:(B) :== Re(T+(B)),

7(B) := Pr(Z,(8), max{B, B;}), IL(B):=

From now on, in our proof we replace the original “attainable” functions by these new “extended” ones, for the
countries from set T (where Assumption 2* holds). We keep the old functions intact for other countries (where
Assumption 2 holds). All the elements of the argumentation from the proof of Proposition 1 remain the same with
these new functions, exactly as we proceeded with the old functions &y, 7, 74, II,. We repeat the same construction of
our (continuous) mapping F' and the borders of its (compact, rectangular) domain €. Then, applying the Brouwer
fixed point theorem again, we get the fixed point and ensure that it is an equilibrium point {w;, fi;}, <i<K

It remains to show that at this point our “extended” functions T, 7, ¢, I, coincide with the initial functions
Ty, Tt T, I1,, which are used on their normal domain, so that their artificial values do not come to play.

Suppose it is not so: the art1ﬁc1a1 value is used at the fixed point. Then for some country i and some country
t € T we have the inequality: ;= LCiTie < ﬁt Consider the zero-profit condition for country i:

l
w; = W Z 1T}, (Mk ~ cmk>cmk; >

k=1

= [ w; A w. l
w;IL <Mt Jcmt>cmt > w; I (ut Cszt> ConTm —— =
Wy fl fM

~ Tt <ﬁt %Cmt)
— [ w; t
_Ju_ > Ht( e Cﬂit) =
t

= = ~—
CmTm lm ! Ht % CiTit
_ ~7T;(5t) > Wt&ﬂt) _ Ht(Bt) N
Wt 5, CiTit Bt

r) — fM 1 -1 fM )
> 22— —| II _— = (.
= B 2 1L (cmelm - 2 ¢ CrnTmlm te B

This is a contradiction. So, at any equilibrium point obtained with our “extended” functions none of the artificial
values are engaged. We conclude that it is an equilibrium point with the original functions as well. Q.E.D.
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3.2 The necessity of the generalized condition on marginal utility

Our generalized condition (Assumption 2*) is probably necessary and sufficient in all cases. However, we are able
to prove its necessity for the existence of equilibria only in the simple case, when countries are symmetric in utilities
(not in costs or populations).

Proposition 3. If all sub-utilities, satisfying Assumption 1 are symmetric among countries, i.e. u] (z) = u(z),
then Assumption 2% is sufficient for equilibrium existence under all positive parameters (c, f,7,1) € R++, and also
necessary for this conclusion (whereas under specific cost parameters Assumption 2% may be superfluous).

Proof. The sufficiency of Assumption 2* is stated in Proposition 2 (which includes asymmetric countries also).
Consider necessity. We must prove that for any u(-) that satisfies Assumption 1, but violate Assumption 2*, one
can find such positive parameters c, f, 7,1 that equilibrium is absent.

Violation of Assumption 2* by some u/(-) means that its limit is positive and attained too quickly in the sense

hmm_>+oo ’ll,/(l‘) >0
limg, s oo —u”(2)2? # 400
Denote S = lim,_, o —u(x)x? where S > 0 is some positive number (the existence of this limit follows from

the monotonicity of —u”(z)z?, guaranteed by Assumption 1). Therefore, lim,_,.+ m(c) = S and II(c) < %.14
Now consider the zero-profit condition, it states that

K K

ﬂ'k-lk w
wy:z y ey T —Zﬂj(Skw*;Cﬂjk)lkZ

=1 Wk k=1

S
Skfchjk)CJT]klk < K— C]y[tMlM

HMN

This inequality becomes imp0551ble when f; is chosen big enough, relative to other parameters. Thus, under
any utility v that violates Assumption 2* we can always find such cost/population parameters (c, f, 7,1), such that
an equilibrium becomes impossible.

To prove that Assumption 2* can be “superfluous” under some specific parameters, we need a counterexample
to its necessity. Indeed, take two symmetric countries (K = 2, u; = u; = u) and utility u(z) = 0.5In(x + 1) + ma
that violates Assumption 2*. One can check that equilibria are absent under parameters (m = 1, ¢; = ¢3 = 1,
T=1,11 =l =1, fi = fo =5), but exist under other parameters, e.g., (m=1,¢;1 =co =1, 7=1,1; =l =1,
f1 = f2 =0.5). This completes the proof. Q.E.D.

3.3 The uniqueness of a trade equilibrium with two countries

In this subsection we consider only two countries, being unable to prove uniqueness in the more general case.
Here we reformulate our equilibrium in terms of market aggregators \; = p;/w; instead of variables p; used
previously. The related equilibrium (wq, wa, A1, A2) in Krugman’s model with two countries, defined in (16)—(17),
can be reformulated as the following system:
I T2(A2wiciTi2)le
A2
fi+ et (Mwier) I + e1Tie®a (AawierTiz) I

Iy 71 (A1wacaTar)ly

= - A : (26)
fo + cota (Agwaca) la + comor 1 (A1wacamn) l1

mi(Mwien)l Ta(AawiciTiz)le

= 27
fl )\1’([)1 + )\le ’ ( )
f2 _ 7?(2(/\2111262)12 n 7(%'1(/\110202721)[1 ) (28)

)\2’(1)2 )\111.)2

Two ZP conditions are reformulated in variables A, whereas BC is transformed into TB, with the help of ZP
conditions. What we need is to show that the solution to this system is unique in the following sense.

14See Appendix.
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Proposition 4. Under two trading countries (K = 2) and Assumption 1 there is not more than one bundle of
sales (r11, %12, T21, Ta2) consistent with the equilibrium system. The aggregators (A, w) generating these sales—are
determined uniquely up to scale when countries do trade (x13 > 0, 91 > 0).

Proof. Suppose the opposite: we have two different equilibria (11)1, Wa, 5\1, 5\2) and (@1, Wa, Xl,XQ).

We normalize the variables of the first equilibrium dividing 5\]- by Ao and multiplying both wages w; by
5\2, to get (71}1 = Xm, Wy = 5\21132, A = 2—175\2 = 1). This normalized bundle still satisfies the same equilib-

2
rium system (26)—(28), as one can see from the equations. Similarly we normalize the second equilibrium as
@1 = Aoy, Wy = Aalio, A\ = %,Xz =1).
2

Let Ay > Ay without loss of generality. We connect these two equilibria by some continuous trajectory and check
some sort, of monotonicity. We want to introduce such functions (wy(t) > 0, wa(t) > 0, A1 (t) > 0, A2(t) > 0) so
that aggregators \; are connected linearly as A;(t) = (1 — t)A; + tA1, A2(t) = 1, whereas wages are calculated from
two equations 27 and 28 for every point 0 < ¢ < 1. The beginning of the trajectory is w1 (0) = wy, w2(0) = Wy, and
the end is wl(l) = 1/171, wg(l) = ’LT)Q.

We should establish existence and uniqueness of these functions w;, and their properties. First, we substitute
A1(t) and Aq(t) into 27. We get

7r1()\1(t)wlcl)ll 7T2(w1017’12)l2 N wlfl _ wl(/\l(t)wlcl)ll

hi= M (H)w; w, A (0)

+ 7T2(IU101T12)12.

Here the LHS grows with w; while the RHS does not. So, we ascertain that there is at most one solution w,
for each A1(t) (and thereby for each t). We know that at ¢ = 0 this equation could be resolved with respect to w;
as wy = wy. If wy(t) were increasing, it would contradict the above equation, because the LHS would increase but
the RHS could not (keeping in mind that A; is non-decreasing). Thus, if wq(t) exists, it must not grow.

Looking again at the same equation in the form

fl _ Wl(Al(t)wl(t)Cl)ll Wg(wl(t)cl’rlg)lg
A (t)w (1) wi (t)

= H1 (Al(t)wl(t)cl) Clll + H2 (w1 (t)Cl’TlQ) 01’7'12l2,

we want to establish that Ay (¢)wi(¢) must not decrease. Remember that II(c) = ”(CC) decreases unless it has reached

zero. Here we cannot have both summands equal to zero at the same time. If the first summand is positive,
then decreasing Ay (t)w; () would increase it, and we would end up with a constant LHS and an increasing RHS
(contradiction). In the case when first summand is zero, function ws(¢) must be constant to maintain LHS=RHS.
In this case, A1 (t)w1(t) cannot decrease either, because neither A (t) nor wy(t) decreases. To understand that wy (¢)
must exist, observe that it exists for t = 0. When A (¢) grows and term IT; (A1 (#)w(t)c1) is positive, there exist
a decrease in wi(t) that compensates this shift, the second term not hindering finding such wy(t). When term
IT; (M (H)wi(t)er) = 0, growing Aq just does not matter, and solution w; () exists anyway. It must be continuous
by continuity of all functions involved.

We know at this point that there is unique function wy(t) that maintains equation 27, and this w; (¢) happens
to be continuous and non-increasing, for 0 <t < 1.

Consider partial derivatives in ¢ and w; of function F(¢t,w1) = Iy (A1 (t)wicr) e1ly + s (wiermi2) 1712l — fi.
They should exist and be equal to (except for maybe finite number of points)

OF(tw) _  m(®wie) (=2,

ot (/\1(75)’11)161)2 C1
aF(t, wl) o rl()\l(t)wlcl) l 7’2(’(1)101’7’12)1 # 0
== 1— 2 7 0.
a7«Ul ()\1(15)11)101)2 C1 U}%C1T12
These functions are continuous around any (¢, w1 (t)). The term % cannot be zero at any point (¢, w1 (t)) as

it is zero iff &1 (A1 (t)w1(t)er) = 0 and o (w1 (t)c112) = 0 together, which cannot hold. Thus, the implicit function
theorem states that wq (t) is differentiable on [0, 1] except for maybe a finite number of points.
We proceed to the equation 28:

T ()\1 (t)’LUQCQTgl)ll
A1(t)

71'2(10202)12 7T1()\1(t)w2027-21)l1

f2 - wo /\1 (t)’wg

= wa fo = ma(waco)lo +
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We see that wa(t) must not increase as Aj(t) increases, because the LHS in this case would increase and the
RHS would not. We also note that there could not be two solutions ws(t) for any t. Looking at

7T2(U)2(t)62)12 7T1()\1(t)w2(t)627—21)ll
(1] (t) /\1 (t)wg (t)

we conclude (similarly to the w; case) that Aj(t)wa(t) is non-decreasing and that wq(t) exists for all 0 < ¢t < 1. We
again establish that ws(¢) is differentiable for all ¢ except for maybe a finite number of points.

Having ascertained the properties of w;, we note that x12(t) := &2 (w1 (t)c112) and 21 (t) 1= &1 (A1 (t)w2(t)cato1)
must be differentiable everywhere except for maybe a finite number of points.

We introduce notations

f2 =

l‘n(t) = i‘l ()\1(15)’(1}1 (t)cl) s
1712(t) = Tg ()\g(t)wl (t)ClTlg) = 2y (w1 (t)ClTlg) ,
1‘22(15) = 10'2 ()\Q(t)wg(t)CQ) = L%Q (’wg(t)CQ) s

291(t) = 21 (M (Hwz(t)cam21),
T'lg(t) = 79'2 (wl (t)617'12) 5
ra1(t) == 71 (A (t)wa(t)catan) -

Now we are going to check how the remaining, unused equation (26) changes on our trajectory. Subtract the
LHS of 26 at t = 0 from a similar LHS at point ¢ = 1:

ll 72 (A2 (1);&121((11))01 T12)l2

f1 =+ Cli‘l ()\1(1)’(01(1)61) ll + 017’12%2 ()\2(1)11]1(1)617’12) 12

[, F2(22(0)wi(0)ciTia)ls
1 X2(0)

_fl + 121 (M (0)w1(0)er) Iy + e171222 (A2(0)w1 (0)erm12) lo

_ 1170’2 (’wl(l)ClTlg) lQ
fi+caz (AM(Dwi(1)er) b+ ermiaze (wi(1)eimi2) b

. 1179‘2 (wl(O)ClTlg) l2 >
fi+ ez (A (0)wi(0)er) by + ermiads (w1 (0)ermi2) le —

> 1170’2 (wl(l)clﬁg) 12
~ fi+azi (M0)wi(0)er) i + cimiade (w1 (1)cimi2) b

_ l1722 (w1 (0)61712) l2
fi+ a1 (AM(0)wi(0)cr) Iy + camiaa (w1 (0)crTi2) b

_ /1 ( Ly (z12(8))212(8)lo ) e
o \J1+cadinl +emara(t)la/,
i /1 (ug(z12(t))z12(t) + uy(z12(t)) (fi + a1l + cmiezi2(t)l2)  dzia(t)
0 (fl + Clﬁllll + 01712.’E12(t)lz)2 dt
Ly /1 citials (uh(z12(t))212(t)  daia(t)
o (fi +erdiily + ermiazia(t)ls)’? dt

— Ll /1 c1miz (wi(t) (fi + a1l + crmiazi2(t)la) — r12(t)le) daia(t)
0 (fi +aznl + 6171221012@)52)2 dt

dt—

dt =

dt.

Since w1 (t) (f1 + c1Z1l1 + c1miaw12(t)l2) — r12(t)le > 0 and dm;izt(t) > 0 the final and initial expressions are both
non-negative.
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Substract now the RHS of 26 at ¢ = 0 from a similar RHS at ¢t = 1:
71(A1(Dwa(1)eaTar)l
l2 1 1 A12(1) 272 1
fa + caa (A2 (Dwa(1)ea) la + camardy (A (1)wa(1)eater) Iy

l2 ,';11 ()\1 (0)1}1}5((8))(127’21)[1

 fo + cadr (M2 (0)w2(0)ca) Ia + comordr (A1 (0)w2(0)camar) Iy

1(>\1(1)w2(1)C2T21)l1
A1(1)

2(0
lo
" fo+ cain (wa(1)e2) la 4 cama1Z1 (A1 (L)wa(1)cator) It
Iy
)e

71 (A1 (0)w2(0)caTa1)l1
A1(0)

<
2) lo + o121 (A1 (0)w2(0)cotor) li —

71(A1(D)wa(1)eaTar)l
[y )\12(1) 2721)l1

<
= fa+ caa (w2(0)ca) la + comory (A (Dwa(1)caar) Iy

lo 71 (A1 (0)wa(0)cator)ly
A1(0) .

 fo + cada (w2(0)c2) lo + comordn (M (0)w2(0)camar) bt
_ /1 ( 1 oty (291 (1)) 221 ()13 ) i
o \A1(t) fo+ caoaly + comorxo1 (t)l1 ),

! iy Y U/l T21 T21
:1112/0 (All))g (/\ﬁAl) @ (B)en®)

(t f2 + cafaals + caor172:1 (1)
1 (@ (@ ()T (t) + W (wa1(1)) (fo + cofiaals + commaan () daan (t)
+l2 \ . dt—
1

 fa + caa (w(0

(f2 + caZaals + 027'2151021@)11)2 dt
L, /1 1 ot (221 () (t)  dza(t) ,, _
o M) (f2 + caianly + comormar (H)11)° dt

! 1 ~ N u’ ($21(t)).1‘21(t)
=1yl / —— (M= L dt+
e o (M) ( ! 1) f2 + c2Zasls + camnzan ()l

il /1 1 comor (M (B)wa () (fa + caZoals + camorza1(t)l1) — ro1(t)lr) dxar (t) gt
0 Au(t) (f2 + caZaals + 627'21!1721(15)11)2 dt
As A1 (H)wa(t) (fo + coaZosle 4+ camor1a1(t)l1) — r21(t)l1 > 0 and d”dilt(t) < 0 the second summand obtained is non-

uy (21 (1)) 221 (8) -0
Jatca®aolateamarwar (B)ln
almost everywhere. This second equality is equivalent to 21 () = 0 almost everywhere. As xo;(t) is continuous,

this is only possible if x21(t) = 0.

Thus, our suggestion about two equilibria leads to the conclusion that the ends of our trajectory coincide in
the sense A\; = \; or x21(t) = 0. The first option trivially leads to coinciding equilibria * and ~, because wages
W; = w; are uniquely determined from ZP conditions. The second option (no trade) also terlally leads to two
identical equalibria: a1 = 21(0) = 221(1) = 0 implies 212(0) = x12(1) = 0. Then, the remaining variables z1; and
x99 are determined uniquely by the ZP condition, which exploits the same product (A;w;) at the beginning and at
the end of our trajectory. Thus, the assumption of two equilibria leads to the conclusion that they are essentially
coinciding. Q.E.D.

positive. First summand is also non-positive, moreover, it is negative unless Ay —A; = 0 or

4 Bertoletti-Etro trade model: the existence of equilibria

Indirectly additive utilities were suggested in [Bertoletti and Etro, 2015] for modeling income effects in trade. This
method makes the consumer’s expenditure function, instead of the utility function, the main primitive of the model.
This interesting and promising way of modeling is extended to heterogeneous firms in (Bertoletti et al., 2019), where
the model is calibrated on data. However, the existence of equilibria remains unknown for both versions of the
model: homogeneous and heterogeneous. This section fills this lacuna for the homogeneous case. Namely, we apply
our methodology of “attainable profit functions” to the initial trade model proposed in [Bertoletti and Etro, 2015]
(we generalize the [Bertoletti and Etro, 2015] setup by including more than two trading countries).
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4.1 Varieties, consumers, and demand

As in Krugman’s model, the world consists of K countries, each having its specific costs and specific population [; of
consumers (identical within the country). In each country k& < K, the endogenous mass Ny, of firms is homogeneous
within the country. Each firm produces its specific variety, facing fixed and marginal costs of production, plus
iceberg transportation costs. Consumers enjoy consumption of all varieties produced in the world. Each consumer
has a labor endowment e;, > 0 and maximizes some implicit (hidden from us) utility function Uy,.

The only difference from Krugman’s model is that in the Bertoletti-Etro setup, the utility maximization is
presented indirectly; we observe only the result of this optimization. Namely, the consumer’s preferences in country
j are represented by a symmetric and additively separable indirect utility function of the following form:

N py
V= / v (L) dw.
=y [

Here p,x; is the price of variety w of country & sold in country j. Function v;(-) is the indirect sub-utility function
of each consumer in country j. This function is the main primitive of this model. The argument of v;(-) is the
“real” price, i.e., the nominal price divided by income:

Puwkj
wkj 1= . 29
5 kg w;€j ( )

As in [Bertoletti and Etro, 2015], we impose the following widely accepted (indirect) assumptions on preferences.

Assumption 3. In any country j, its indirect sub-utility function satisfies five conditions:
(i) v;(-) : (0,+00) — R is thrice differentiable on (0, 3;), where 5; > 0 is either finite or infinite real choke price;
(ii) v; vanishes at the choke price, together with its derivative:

lim v;(s) =0, lim v}(s) = 0. (30)
55, S5,

(iil) v; becomes zero above the choke price (when §; is finite)!?:

v;i(s) =0 Vs > 35;; (31)

(iv) v; is strictly convex below the choke price:

v"j(s) >0 Vs € (0,5;); (32)

(v) v; has a moderately convex derivative (below the choke price), in the sense:

2(v";(s))? — vi(s)vj'(s) >0 Vs e (0,5;). (33)

Among these conditions, (iv) (convexity) means that an initial increase in price has more impact on expenditures
than a subsequent increase, this assumption provides increasing marginal revenue for any firm. Assumptions (ii),
(iii) indicate that 5; is indeed a choke price, i.e. such a value that a consumer ceases consuming a variety as soon as
its price reaches 5;. Moreover, any price fluctuations become almost immaterial near the choke price. Assumptions

(ii) and (iv) together ensure that v; is decreasing below the choke price!®:

vi(s) <0 Vs € (0,5). (34)

Finally, (v) is a technical assumption, which ensures that producers’ profit functions derived from v become concave
or at least single-peaked; otherwise modeling competition becomes quite tedious.

We are now in a position to derive the demand functions. Using the Roy identity, we get the following individual
demand function for variety w of country k£ that any consumer from country j demonstrates:

’
— (ka )
J J
Tokj (Swkj) = ————=, where (35)
Ky
Blim, o 0iEire) 7 (&) lim,_, o+ M =lim,_ 4+ —vj(§f+s) = 0 due to L’'HAZpital’s rule, so vji(s) =0for s >3

161t follows then that v;(s) >0 for s: 0 < s < ;
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K Np
Wy = Z/ Swhj ° (—v;- (Swkj)) dw. (36)

k=170
Here pu; > 0 is a price aggregator in country j. Intending to rely on symmetry and drop index w, we note that
demand functions are the same in regard to varieties and producers’ profit functions are single-peaked. Other
conditions, including costs, that producers from one country face, are identical. So, producers within any country
should behave identically. Thus, all firms from any country k would set the same prices py; for consumers from
country j. Accordingly, all consumers from country j buy the same amount xy; of all varieties produced in country
k. Therefore, we drop from now on index w of a specific firm, and formulate the symmetric demand function as:

—}(8k5)

Tyj(Skjy fj) = Thj = ————. (37)
14

4.2 Producers and attainable profits

We use the above demand function, as in Krugman'’s setup, for any firm in any country j and formulate the following

profit function:
K

PI‘Oﬁtj = Z(pjkwjklk — ijjTjk:Bjklk) — U}jfj,
k=1
where pj is the price for country k, and function x;; = @, (s, ¢t;) is the individual demand in country £ for any
variety from country j. Further, we plug the demand (37) into this profit function:

K / Pjk
—(pir — wiCiTip)v Iy,
Proﬁtjzz< (] 2%3" ) k(wkek) >_wjfj:

k=1 Fok

—w; f; . 38
w; fj — {Sr?f}i’zio (38)

w /
i (—(Sjk — rcuj)k chjk>vk(sjk)lkekwk>
pt Mk

As usual, producers choose prices pj;, (or, equivalently, real prices s;;) to maximize their profits. We start by
solving this maximization problem to derive any firm’s best-response function. From this optimal pricing rule we
shall derive the “attainable profit” function.

We proceed as in Section 2.2, fixing here index k (related to any destination country of producer j). We again

w;

define composite (real) marginal cost ;5 == S CiTik Next, we introduce the auxiliary “elementary revenue” and

“elementary profit” functions (this auxiliary profit from sales in country & will turn into real profit after multiplication

by 1/p):
Ri(s) := —v.(s)s, s >0,

Prk(svﬂ) = Rk(s) - (_U;C(S) : ﬂ)v s> 07 5 > 0.
Obviously, both of these functions are continuous on their domains (s > 0, 8 > 0).

Now, plugging all elementary profit functions operating in countries k = 1, ..., K into expression (38) and adding
multiplier 1/uy, we reformulate the composite Profit; of any producer from any country j:

wa
K P’I"k (Sjk, mchjk)lkekwk
Profit; = Z —w;f; = max .
1 Mk {s5.320

We observe that this additive function can be maximized for each variable s;;, separately. Taking one elementary
profit function Pr(s, 8), we maximize it in the standard way using assumption (v). We equate the derivative with
respect to s on (0, 5x) to zero: vy (s)s + vi.(s) —vj(s)- B =0 <

!
v, (s)
s)=p=s5+ .
== )
The obtained function Sk (s) means “the cost that generates the real price s”. This function is continuous and
increasing on (0, 5;) due to assumption (v) (33) (i.e., higher costs correspond to higher optimal real prices). This
function S (-) grows from the lower limit

~—

<

!

. S
= lim s+ f“/(
—k  s=0, Uk(s

<0

~—
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to the upper limit §; = lim,_,5_ s + :/’/3((3 > 0'7. By monotonicity, 8 (-) should have an inverse function
k

§k(ﬁ) : (ékagk) - (ngk)a

which is also continuous and increasing (the optimal real price is higher when its generating cost is higher). In
case of the negative lower bound 3, < 0, we exclude interval (3, ,0] (unneeded for our analysis) from the domain
of $x(-). For the upper bound of §;(-) domain, two cases are possible: bound 3, can be either finite or infinite. If
finite, we extend §;,(-) by setting the maximal real price as §;(3) = 5 for higher arguments 3 > 3, (if infinite such
an extension is not needed).

Note that the resulting function $(-) : (0, 4+00) — R4 is continuous, non-decreasing, and positive on (0, +00).
Since it is built from maximization, a trivial observation is that $x(8) € argmax Pri(s,8) V8 > 0. It allows us to

0<s

treat $i(-) as the best-response function, which yields a profit maximizing relative price for each positive composite
cost B > 0.'® Slightly abusing notation (dropping arguments of function §; for brevity), we denote the values Sk
of our optimal pricing functions §j as

o w4 o
Sjk = Sk (ﬁcjrjk) = 5k(Bjk)- (39)

Following the reasoning in 2.2, we insert maximizers $;(8) into Ry(s) and Pry(s, ), to define the “attainable
elementary revenue” and “attainable elementary profit” functions, dependent on costs:

76(B) == Ri(5x(B)) > 0, 7(B) := Pri(3k(8), B).

Here function 7z () is positive and decreasing on (0, 8),), whereas 7%(53) = 0 for high costs 5 > f;, (when 3, is
finite).!? We also define one more, “normalized” attainable profit function IIj(f3):

I, (8) == %kéﬁ), Ik (+) : (0, 400) = (0, 400).

This new function is continuous and decreasing on (0, 3,,). Therefore, there is a continuous decreasing inverse
function ;" : (0,+00) ¢ (0,58;). We call functions $x(8), 7%(8), 7x(8), I14(8) the attainable functions. For
brevity of future narration, we introduce the following simplified notation (without explicit arguments) for our
optimal functions of outputs, revenues, and profits:

A . . g
Tk 1= Ifu(k]) >0, ik =7 (Bjr), Tk = Tk(Bjk), Wik = 1k (Bjx).-
Now we use the elementary attainable functions to formulate the maximal composite profit that producers from

each country j can obtain:

w j
K Prk (Sjk, ﬁ%’ﬁ'k)lkekwk

—w;f; = (40)

max Profit; = max

5;.>0 SJAZOk 1 M

(ekw cJT]k)lkekwk

3

K - K . L »
=> —w;fj —wjfj(z o TR )

k=1 k=1

Now we can formulate the equilibrium equations in the Bertoletti-Etro model in terms of attainable functions.

17See Claim (10) B
18 Actually, if B, is finite, there are multiple maximizers for § > B,: argmax Pry(s,3) = {5 : § > 5,}. Out of them we pick the
0<s

magnitude that secures continuity of §;(3), this property being important for our proof. This choice does not diminish generality of
our future reformulation of equilibrium equations as all these maximizers ensure v; (8) = 0 while s-variables enter these equations only
in the form of v} "(s)s or v} (s).

19Gee Claim (11)
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4.3 Equilibrium equations

We now specify the system of equations that determine equilibria under indirectly additive preferences, incor-
porating the optimal pricing rule through the use of attainable functions. First, we formulate the ZP condition
Y1 (Prtiili — wieiTieasli) — wifj = 0.

Second, we reformulate the BC: wje;l; Zk 1 mpk.ﬂkﬂr

Combining these equations with our “attainable” functions, we come to the following “reduced system” of equi-
librium equations, to be used further:

K “ Wy
[ZP]: w; = Z e"wk €4k CJT]kf Vi > 1, wy =1, (41)
J
X fk(eﬁ”z’,ij ) erl .
= Z - ( ( m >> Vj. (42)
VU \ Sk e, CkTki
Ui on Yy Thi— T li

Our reformulation enables us to seek for equilibria sequentially. First one can find a bundle of auxiliary variables
{uj,wit, < ;< i that satisfies equations (41) and (42); then this bundle can be translated info some equilibrium
prices and consumptions. Namely, the main variables of any equilibrium could be found through (39), (29), (35).
Consumption should satisfy two more conditions, as in Krugman’s model, LM and TB. Labour Market clearing
asserts that labour is fully employed:

[LM]: I;=N;-(f;+ ZCjTjkxjklk) vj. (43)
k=1

This condition gives us number N; when we know sales x.
Trade Balance implies that all imported goods worth as much as all exported goods:

[TB]: N, Z Piktikly = ZNlp”x”l V. (44)
k=1 =1

As in Krugman’s model, TB follows from BC when other equilibrium conditions hold.

Definition. Trade equilibrium in the Bertoletti-Etro model is a bundle

2
{/‘LJij’NJV(:Ejk)lngK7(pjk)1§k§K}1<4 € RY x RYF (45)
SJ<K
that includes price-aggregates, wages, number of firms, sales, and prices, and satisfies: (i) utility-maximization (35);
(ii) profit-maximization (39),(29), (iii) the ZP condition (41); (iv) LM clearing (43); v) BC (42); and (vi) TB (44).

We are now in a position to impose one more condition (vi) on sub-utilities and parameters of this model,

namely,
(vi) 5; > —Vj (46)
€j

This inequality makes economies “productive”’, saying that the benefits outweigh the costs in each country taken
separately.

As in Krugman’s model, we have normalized w; = 1, otherwise we could get an inconvenient system of 2K — 1
independent equations in 2K unknowns {u;< x, w1 < j< k } with an indefinite level of w;.

4.4 The existence of equilibrium in the Bertoletti-Etro model

We are now going to apply the Brouwer fixed-point theorem to equations defined above to prove the existence of
equilibria.
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Proposition 5. In the Bertoletti-Etro model there is an equilibrium, defined by (45), for all sets of indirect utility

functions v;(-) and all positive parameter values {ej, Tis s by (Tjk)y < o< k0 > 0, satisfying assumptions
SEsf )<<k

(i)-(vi) ((30), (31), (32), (46))- "

Proof. As will be evident later, the peculiarities of this model bring about some new difficulties not encountered
in Krugman’s model. Nonetheless, we adhere to the scheme of his proof. Namely, we again define a convex compact
set Q of the Euclidean space R?)~1 suitable for a mapping F which operates from € into €2, we find a fixed point,
and then show that any fixed point of this mapping is a true equilibrium of the Bertoletti-Etro model.

Let us construct the Brouwer mapping and its domain. To begin with, we introduce the following constants:

fm :=min f}, ¢y, :=ming;, b, :=minlj, ey, := mine;, 7, := min mkin Tie < 1, (47)
j J J J J

v = mjaxfj, cyp o= mjaxcj, Iy = mjaxlj, em = mjaxej, ™ = Hl]aXHl]?,XTjk > 1.

As before, we introduce a convex compact set
Q = [pm, par] ™ x [w,

which will serve as the domain of our mapping. Here pi,,, pas, w, % are constants (not defined so far) that serve as
the boundaries of our rectangular compact set. These boundaries play a key role in our proof, since their specific
construction will allow us to show that any fixed point of the mapping F' is an equilibrium point. Namely, we define
the upper bound u); as a magnitude that satisfies two conditions:
R;(s)epml
s = K maxsup i(5) M]Vi,‘(s) > 0,

J

78>0 fm — cmTmlm Y

Rj (S)BMZM
Vi (s)

o

K maxsup <pp YV 0<p < pp.

78>0 fm - cmelm

Using assumptions (i)—(v), a separate Lemma (2) in Appendix shows that there always exists such a number pip;.
Further, we define the lower bound p,, as2°

cml cj
= mbm in I ' ]
I of mjm J<€j>>0

It is important to establish that p,, < pas. Suppose that the minimum taken in the definition of u,, is achieved
at some j = i. Then we get the following result:

cmlmH G €ilm Cm C;

m = i\ =] = — T\ —

: 2fm e 2fm ¢ e

_ Cilmem [ (G G (¢

B 2fm ¢ <r2<€i> * 62'@2(81(61‘))) -
Ti(?>€ilm R; (81‘(3))%%

em 1 _Cm 1

€ 2 frr — e (sz(%))lm € 2 frr — (&‘(%))lm.

=1=

Remember that

Rj (S)EMZ]\/[
vi(s)
125.Y¢

R; l
= 1 = K maxsup s(s)en A{ .
J  s>0 /J/Mfm - Cmevj(S)lm

war = K maxsup
J 5>0 fm —CmTm

Im

Suppose i, > ppr- This would imply:

20The positivity of the following minimum is guaranteed by assumption (vi).
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R; (31‘(3))6#7” R; <5i(3>>eilm
CmTm 4 CrnTm i
1= <

= <

Ci 2Mmfm - Cmv;‘ <Sz<%)>lm B Ci 2/LJVIfm - Cmvg (Sz<%>)lm

R; l
< K maxsup j(s)enrla

=1.
J s>0 MMfm - cmev;'(S)lm

Obviously, this is a contradiction, and therefore i, < ;-
Now we define the bounds on wages w. We set the lower boundary for wages in the following way:

w = Em minH-_1<'quM>>O.

2cpTv d J CmTmlm

Now we must show that w < 1. We suppose that the minimum above is achieved in some country j = ¢ and
reformulate the w definition:

Q:

em ! par far N par favr :”i(ZQCAgZLM) N
2eMTM ConTrmlm

ConTmlm Qu SMTM
R; <sZ (2w”§”‘4) emlm
1cmTm "

€m
2¢cmyT / cMT
MIM g far — emTmvj (86 209520 ) )1,

R; (Si (2wc”e’ TM) emlm
1 1cnmm "

HM 2CMTM f)) — emTomyy (51' (meém))lm

=w=

123 m
1 R;(s)epl
< — K maxsup i(5) MU,]\(/; =1.
MM J s>0 fm — CmTm ZM lm

Thus, we can conclude that w < 1 and % > w, so, our interval for wages w and for p is non-empty.

Using our domain €2, we now can define the required Brouwer mapping F ({w#l, 1} <j <K) =

K
rkjek.lk .
M = max K y Bm \V/_],
! (kz_l Te+ ek D iy ThiTkili )

. u I Ik 1 .
w; = min | max ijM—CjTjk]T,w "W vy > 1
k J w

k=1
This mapping is continuous by construction and restricted to fit the borders p,,,w, i However, we must make
sure that it maps  into itself, to use the Brouwer fixed point theorem. Obviously, we only need to check for the

non-violation of the upper border for p; ({wj;éhﬂj}l <j< K) < par:

K

K
o = Z Trjekly < rrjenla
J K — z : K
k=1 fk + ¢k Zi:l Tkixkili k=1 fm +cm Zi:l mekilm

s Rj(skj)enmln
=05 (Skj)

Hj

rrjemly

M=

<

1 Jm + Cmexkjlm k=1 fm + TmCm I

e
Il

< K maxsup 7

— <pm VO < py < par, Ywjen >05=1,.., K.
J s>0 fm+cm7—m#377
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So, we have constructed a mapping F' suitable for the application of the Brouwer fixed point theorem. Thus,
this mapping must have at least one fixed point. We again (as in Krugman’s model) denote any such fixed point by
variables with a hat: {1w;, fi;}, <<k for convenience additionally defining w; := 1. We also shall use the notation

A w; R Aoy - AGH)

Bik = —=¢;Tjk, Sk = sk(Bjr), Tjk = —=——, P = 1k (Bjk), Tk = me(Bjn), Wy = Ik(Bjr)-
LWy Kk
We now need to demonstrate that any fixed point is an equilibrium point.

To show that any fixed point of the mapping is an equilibrium of the model, we recall that mapping F' is
artificially restricted. Its fixed point situated on a boundary of our set 2 could be not a true equilibrium. Therefore
we show that a fixed point never lies on the boundaries of €2, and the existence of an equilibrium existence is proven.
Adhering to this strategy, we start by proving that the lower boundary w is not reached for any j > 1 by stationary
wages w;. Suppose the opposite: there is such wage 1; = w for some country 7 > 1:

K - K I Di_ oo
X N IL;x Ik N k\ epy “i'ik Iy
W = Ww; = max | w; Z = CiTik W | | 2> W Z Lk >
- Pk fi 1 Hk fi
X H1(61 CJu) I H1(816Jz1) I I, (w‘”;’;M) L,
> w; — CGTil—H =W — CiTil—H 2 W CnTm—— =
fi i i fi Mt I
e e _
=w> —= Pt fu > " minIl;? Pt f = 2w
CMTM Cmel CMTM J J Cmelm

This is a contradiction due to the positivity of w; therefore, reaching the lower bound w; = w for wages is
impossible for any country j > 1. As for the upper bound, we show that w; = i is also impossible for any j > 1.
To this end, we apply Lemma ((1)) from Appendix to our fixed point (this Lemma uses K — 1 ZP conditions and
all BC, to derive the remaining ZP condition, as an inequality). Consider our fixed point (w, i) and the related

sales/prices in the role of the point y = {w, z, p} studied in Lemma 1:

Y= {UA}J"(‘%jkhgkgK7(§jkwjej)1gk§1{}

1<j<K
The assumptions (inequalities) of this Lemma are satisfied because
K 1 K 11 CiT
R T, 1 k (ekwk J ]k) Ik
w; = min | Wy =L k — | < — T =
Z i 7% w) kz:l fige 7% fj
K

Z pjkjtjklk — YﬁjCjTjkﬁjklk) — ’L@jfj >0 Vj>1,
k=1

- Trjerlk X Prjerlk
-—max Z K N l7,u7n ZZ

o fe e Do ThiTkils 1 fe ek SR Thidnals

K
. lpex o )
= wje;l; > e Drjlril; Vi
o fe ek Do ThiTkili

Thus, Lemma 1 provides the following result:

K K (
L . . . Uy
Z(p1k$1klk —wieTigZgly) — 01 fr 012> Z —617'1kf . (48)
1
k=1
Suppose that the upper bound w; = i is achieved for some i > 1:
ZK: W(Gmane) g W(dpan) g W(esm)
1> — T 2T = —— T =
P [ f1 fli YA fhi “fi
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CMTM CmTmlm CMTM J CmTmlm

Sw> Em H11< /~L]\/[fM > > em minH}l <W> = 2w.

Observing this contradiction, we conclude that 1w; = i

that at the fixed point

is impossible for any country j > 1. We have established

K
Hk (ekwk CJT]k)

wJ_wJE:

So, together with (48), this implies that

!
cm-kfif Vi > 1.
J

K W
<pkwk JTJk)
E , CJTJk

k=1 f]

Now we turn to proving that the lower bound fi; = i, is not attained for any j. Suppose there is some i :
[t = tm. Then

which is a contradiction because ., > 0 by definition. Thus, equality fi; = ft, is impossible for any country j.
Thus, we have shown that none of the fixed points of mapping F lie on any of the boundaries (i.e., that the artificial
restriction of the values of mapping F' have not played a role in determining its fixed point).

Based on this, we conclude that under the conditions listed, this model of international trade always has at least
one equilibrium point in terms of variables (i, w). The remaining variables (x, p, N) are found directly from by the
equations, mentioned in the definition of equilibria.  Q.E.D.
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5 Conclusion

This paper establishes the existence of an equilibrium under very weak assumptions on elementary utility functions
for two tractable broad classes of models: directly additive (Krugman’s model) or indirectly additive preferences (the
Bertoletti-Etro model). Though in general the sufficient conditions established are not necessary, they appear to be
the “weakest” conditions. Moreover, under directly additive preferences we formulate the exact necessary conditions
for the existence of an equilibrium in the case of symmetric (identical) preferences across countries. In addition,
we find sufficient conditions for the uniqueness of the equilibrium for two countries. Thereby, we comprehensively
characterize the classes of preferences suitable for modeling international trade under monopolistic competition.

Our characterization of “almost all” preferences classes suitable for such modeling—can be useful for empirical
research. Indeed, for model calibration/identification, an empiricist should freely choose the functional forms of
demand that better fit the data. From the purely theoretical side, one achievement of this article is a method for
analyzing international trade models through the “attainable revenue” and “attainable profit” functions. We hope
that this method will be useful in other models of international trade.

As to extensions, we are successfully working on the application of our method to a Melitz-like setup with
heterogeneous firms.
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6 Appendix

In the proof of Proposition 1 we used the following lemma, assuming e; = 1Vk. In other claims we use this lemma
with other constants e, > 0. Essentially, using K — 1 zero-profit conditions and all budget constraints, this lemma
derives the remaining zero-profit condition (as inequalities).

Lemma 1. Consider some vector of wages, sales, prices

y= {wj >0, (2 20)1gk§}<:(l’jk 20)1gk§K}1<j<K‘

If at y the following (2K — 1) inequalities hold:

K
Z(pjkxjklk — Wi TinTiklk) — w;f; >0 Vj # 1,
h=1
K el
klk .
wjejlj 2 Z pijkjlj V]7

= et Zfil CkTiThils
then the following inequality must hold at point y:2!

K

Z(plkxlklk —wie1TpT1klE) — w1 f1 < 0. (49)
k=1

If instead of initial inequalities at point y similar equalities hold, then the resulting inequality (49) turns into equality
as well.

Proof. Consider the first set of inequalities:

Nk

Pkl — wic;TinTjple) —wif; > 0=

x>~
Il

1

21Note the opposite sign here.
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K K K
ijkxjklk > wj (f] +cj ZTjkiL'jklk> = Nj ijkxjklk > wjljej.
k=1 k=1 k=1

Here we have used the following notation:
eili

N; = .
(fi + Zk}; CiTikxiklk>

Putting all these inequalities together, we get inequality

K

K K
STOND pipmade = > wilje;. (50)

j=1, j#i k=1 Jj=1, j#i

Consider now the second set of inequalities:

K

K
exlk
wjlie; > Z e DijTril; = wjlje; > ZNkpijkjlj-
k=1 Jk i=1 CkTkiLkibi k=1

Summing up over j, we get inequality

K K K
ijljej > ZZNkplcjxkjlj- (51)
-1 G=1 k=1

Jj=

Subtracting (50) from (51), we arrive at

K K K
wilie; > Ni »_ pininle = wi(fi + ¢ Y Tiwindi) > Y piricle =
k=1 k=1 k=1

K

> (pikwirdy — wiciTinzinly) — wi fi <0,
k=1

as needed. Finally, it is straightfoward to see that if “>" and “<” signs are replaced by “=" sign everywhere, same
algerbraic manipulations prove the second statement of the Lemma. Q.E.D.

The following lemma is used in the proof for Bertoletti-Etro model.

Lemma 2. There is always such s that

Rj (S)GMIM
v} (s)”’

123

py = K maxsup
7 s>0 fm - cmelm

Ri(s)epl
J()Mﬂi((s) <pm p0<p<pm

K max sup
/ >0 fm - Cmelm

“w
Proof. Step 1. We set up our tools.
Consider
—v%(s)s f
‘= maxsup ———~———, Bi= —"— >0, u>0.
1) j S>18 —v;-(s) + Bu CmTmlm H
Define g;(s, p) := % Since lim,_,+ —v}(s) > 0 22 we know that?3
e
s
lim g;(s,p) = lim ———— =0,
tig, gi(s ) = W

—0 ()

22Immediately follows from —vj(s) > 0 and —v}/(s) < 0 in the vicinity of zero
238ee Claim (9)
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lim —v’(s)s
lim g5, ) = vt ()

s——+o0 1ims—>+(x> —’U;—(S) + BM -

As g;(s, n) are defined for p > 0, these observations trivially prove that argmax,sog;(s, 1) C R exits for any
p > 0 and j. Define then s;(u) := max(argmaxsso g;(s, t)). We prove that g;(s;(u), 1) are continuous on p > 0.
In order to do that, we introduce functions g;(s, 1) : Ry x Ry — R such that g;(s,u) = gj(s,u) for 0 < s € R
and g;(+o0, 1) =0, g;(0,) = 0 for all p > 0. It is easy to see that g;(s;(u), 1) and sup,ejg 4o0] (8, 1) coincide
on p > 0. At the same time, the latter function is continuous by maximum theorem due to continuity of g;(s, 1)
on its domain. Thus, g;(s;(1), 1) are continuous.

We now introduce some other useful functions:
Jj(p) = max(arg mgxgj(sj (1)s )5 s(1) = 85 (10)-

Obviously,

Pb) = mpesupaa () = 7 ) + B
And we are in a position to conclude that ¢(u) is continuous on its domain p > 0 as a maximum of a few
continuous functions.
Step 2. We prove that ¢(u) is decreasing on (0, +00).
Consider 0 < g1 < po. Then we have the following due to the definitions of j(u) and s(u) and the fact that
—v;(u)(s(,u))s(,u,) > 0 for all p > 024

/ /

0 (S0)0m) =0 (5()s() = (s(2))s(p2)

1
¢(M1) = - > < =
_v;(m)(s(ﬂl)) + B _U;(Mz)(S(NZ)) + By _U;(m)(s(/Q)) + Bz

P(p2)-

Step 3. We prove that lim,_, 1 ¢(p) = 0.
This limit exists because of monotonicity of ¢(u). Moreover, it is greater or equal to zero as ¢(u) > 0. If this
limit is greater than zero, then there is some ¢ > 0 such that ¢(u) > ¢ in the vicinity of +0o. Thus, we have

(s()) () — 1) > Bt =

= Btp < —vj,(s(n) (s(p) —t) < max §1>1;O) —v(s)(s —t) = ma ; ().

This is a contradiction as the RHS is a number while the LHS can be made arbitrarily big. Therefore,
limy— o0 ¢(p) = 0.

Step 4. We prove that lim,_,o+ ¢(p) = 557 This limit exists due to monotonicity of ¢(u).

Case 1: There is such a country ¢ that §; = +o0.

Then —v}(s) > 0 for s > 0. Consider g;(s,u) = % We show that one can choose s; > 0, py > 0 in such
a way that g;(s1,pu1) > M, where M is an arbitrarily big number. Take, for example, s1 = M + ¢, g = #
Then (s1) o
—v;(81)81 S1 +e€
i = 2 = = == M > M.
g (81,:“’1) 7’[}2(81) +B,LL1 1+ Bui =

I

—v;i(s1)

Since ¢(p) > gj(s, ) for all j, s, u> 0 and ¢(p) is a decreasing function, we must have that lim,_, o+ ¢(p) = +oo.
Case 2: All 5; are finite.
We fix j and cover all countries. —v(s) > 0 for s : 0 < s < 5; and —v(s) = 0 for s > 5;. Consider again
7'03-(3)5

gi(s,p) = =IO We show that it is possible to choose s; and 1 in such a way that 5; — g;(s1, 1) < €. Take

s51=38;—€/2, p1 = 27(;;%1)); Then

—v3(s1)s1 s1 55 —¢€/2

=55 — =5 — =e<e
’ Tt

% =9 m) = & N B, 1+ o

—vi(s1)

2(p) > 0= fv;,(u)(s(,u))s(u) > 0 and ¢(p) > 0 Vp > 0 is straightforward
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As previously, since ¢(i) > g;(s, p) for all j, s, p > 0and ¢(pu) is a decreasing function, we have that lim,,_,o+ ¢(p) >
Sy. Remember now that ¢(u) > 0= s(p) < Sps and so

—v;(u)(s(,u))s(u) _ s(p)
! B

P(p) =

< S(M) < Sy = lim (]5(/L) < 3y,
n—0+

that finishes the proof of this step’s claim.
Further, consider the following function:

0 (5(1))s (1)

e
w

po(p) =

Step 5. We prove that pu¢(p) is increasing.
As done earlier, take 0 < p; < po. Then

—v',(s(p2))s(u2) =00 (s(p1))s ()
_ i(p2) 7(m) =
p2i(2) = p2— Sy GG + Bra

—U;(M)(S(/,LQ)S(,LM) —U;‘(m)(s(,ul))s(,ul)

= 7 > 7 = ’
_1)]'(”1)(8(#1)) B —vj(M)(s(/Ll)) B ,uld)(:ul)

H2 H1
due to the definitions of j(u) and s(u) and the fact that —v;(u)(s(/i))s(u) >0 Vu > 0.
Step 6. We prove the Lemma.
Define A := K -4 Remember that we want to show that there is always such a py; that

CmTmlm
R:(s eMlM eMlM _’U/'(S)S
pis = K maxsup — 0wl K masup —— " = A (),
is>0 f e 1 ) Cn Tl G s>0 _fm Y

Mg CmTmlm Y
Apg(p) < par p:0 < p < par
Firstly, as lim,,_,o+ ¢(p) = 5 > Cnlm > %ce;ﬂz\i = %25
Ag(p) > 1 <= Apg(p) > p.
Secondly, as lim,,_, ;o ¢(1) = 0, there is always such a neighborhood of infinity that A¢(n) < 1 <= Apd(n) < p.

These two observations put together with the fact that p¢(u) is increasing and continuous on (0, +00) prove the
Lemma. Q.E.D.

, there is always such a neighborhood of zero that

The next lemma is used in the Claims that follow it.

Lemma 3. If some differentiable function f(x) in some neighbourhood © of 400 has the following properties: 1)
flxz)>0,2) f'(x) <0, 8) limy 400 f/(x)x exists, then lim,_, ;o f'(z)x = 0.

Proof. Note that f(x) is bounded from below by zero and decreasing in ©, so lim,_, .~ f(z) = L > 0 exists
and is finite. It is straightforward to see that lim,_ 4~ f'(z)z < 0. Suppose that lim,_, . f'(z)z < 0. This means
that in some neighbourhood A of 400 f'(x)z <t < 0 holds. Let [a,b] € ©()A. Then

b b\ b
f() = f(a) = / f(x)dz = / %dm < / gda: = t(In(b) — In(a)).

Note that limp—, o f(b) — f(a) = L — f(a) is finite while limp_, 1 o0 t(In(b) — In(a)) = —oo. Thus, this inequality
cannot hold if we set b sufficiently big. Therefore, lim,_, o~ f'(z)z = 0. Q.E.D.

Claim 4. If ZP, LM and BC hold in some country ¢, BP is also satisfied there.

25The first inequality is a trivial corollary of the assumption (vi).
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Proof. From zero-profit condition we get

K K K
> pikwindy — wiciTininle) —wi fi = 0=Y pirwirly = wi <fi + kaxiklk> =

k=1 k=1 k=1

=

1
szk'xzk:lk =w; = N; szkzzklk = wje;l;.
(fz +Zk 1cszkxzklk> k=1 k=1

At the last step we multiplied both sides by e;l; and plugged in N; from the labour market balance. Now if we
plug the RHS into the budget constraint, we will get the balance of payments. Q.E.D.

Claim 5. For u, satisfying Assumption 1, lim,_,o+ u}(x)z = 0.

Proof.  Before anything else, note that lim, o+ vj(z)2 = limy 00 uj(3) 1. Let then f(z) = uj(%) So,

f(x) >0and f'(z )——uj( ) < 0 on (0,+00). Consider (f’( )3 ) f"(x)x—l—f’(x):(u;’(i) ( ) % This
function cannot change its sign more than once as u’; ( )L+ ( ) is increasing. So, its antlderlvatlve f(x)z is

monotonic in the vicinity of +oco and lim, 4o f/(2 )x exists. Thus f(z) satisfies all conditions of Lemma 3 and
1

lim,,_, o+ ug ()z =limy oo u;(%)g =—lim; 400 f'(x)z=0. Q.E.D.
Claim 6. lim,_,o+ u) (z)x + up(z) >0

Proof. Since u}(z)z+uj,(x) is decreasing on (0, X), it is either positive or negative in some neighborhood © of
zero. If it is negative, we cannot have lim, o+ u},(z)x = 0%¢ and u},(z)z > 0 in the vicinity of zero simultaneously. It
is due to the fact that u) (z)x is an antiderivative of u} (x)x +u) (x). Thus, lim, o+ u} (z)x+u) (x) is positive in Oy.
We showed that uf(z)x+u}, () is postitive somewhere, so, as it is decreasing, lim, o+ u} (z)z+u}(z) > 0. Q.E.D.

Claim 7. 7 (B) is positive and decreasing on (0, ;) and 7(8) = 0 for B > B if B is finite.
Proof. Remember that {z;(8)} = argmax Pry(z,) for all 8 > 0. As zx(8) > 0 for B : 3, > (3, it must be
x>0

that Pry(zx(8),8) > Pri(0,8) = 0. Thus, m(8) > 0 when 3, > 8. Let now 3 > 31 > (32, then
7(B2) = Pri(zi(B2), B2) = Pri(wk(B1), B2) > Pri(xr(Br), B1) = mk(B1)
as Pry(z(61), 8) = uj,(x(B1)) 7k (B1) — Bax(B1) decreases in . In case By is finite,
me(8) = Pri(zx(B8), B) = Pri(0,8) = 0V = B,
Q.E.D.

Claim 8. limg_, oo v} (z)x = 0.

Proof. Let f(z) =wuy(z). Then f(z) > 0 and f/(x) = uy(z) < 0 on (0, +00). Since limy—, oo uy (z)x + uy(z)
exists due to monotonicity of u} (z)z +u;(z) and lim,_, o u;(z) is finite, limg, 1 oo f/(z)x = limg_y 4 o0 u) (z)x must
exist. Thus, f(x) satisfies all conditions of Lemma 3 and lim, 1o uy (2)z = limy 100 /()2 =0. Q.E.D.

Claim 9. limg_g, vj(s)s = limg_, 4 o0 V) ( )s = 0.
Proof. If 5; # 400, validity of this claim is obvious. Consider the case when §; = +o00. Let f(z) = v;(z). Then

f(z) >0 and f'(z) = vj(z) <0 on (0,+00). As s+ ”"((S; is increasing and v (s) > 0, (vi(w)z)" = v (s)s + vj(s)
cannot change its sign more than once. So, its antiderivative v’(z)z is monotonic in the vicinity of +oco and
limy 400 /(%) = limy s oo vj ()7 exists. Thus, f(z) satisfies all conditions of Lemma 3 and lim, 4 o0 vj(z)2 =

lim, 100 f/(x)x = 0. Q.E.D.

Claim 10. limsﬁgl; s+ 5:"17((?) > 0.
k

263ee Claim (5)
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Proof. Consider fi(s) = s+ ;}1/‘,((3 This function is increasing on (0, 5x), so Bk (s) can change its sign there at
k

most once. As v}/(s) > 0 in the left half-neighborhood of 54, v}/ (s)s + v}, (s) is either positive or negative in some
left half-neighborhood O, of 5. If it is negative, then we cannot have lim__, - v},(s)s = 0?7 and v},(s)s < 0 on (0, 3)

S

J
at the same time. It is so because v, (s)s is an antiderivative of v}/ (s)s + v}, (s). Thus, v)/(s)s + v, (s) > 0in Of. As
vy, (s)

vy (s)s + vy, (s) is positive somewhere and s + 755
k

is increasing, lim_ , - s+ vi(s) - ), Q.E.D.
k

vy (s)

Claim 11. () is positive and decreasing on (0, 3) and 74 () = 0 for B > B, if B is finite.
Proof. Remember that {s,(3)} = argmax Pry(s, 8) for all 8, > B. As sp(B) < 3, for 3 : B3, > 3, it must be
>0

that Pry(si(B),3) > Pri(5x,3) = 0. Thus, 7(8) > 0 when 3, > B. Let now 3, > 31 > S, then
m(B2) = Pri(sk(B2), B2) = Pri(sk(B1), B2) > Pri(sk(B1), b1) = mi(B1)
due to the fact that Pry(sk(81),8) = —vi(sx(81))(sk(81) — B) decreases in B. In case 3 is finite,
me(B) = Pri(sk(B), B) = Pri(5k,8) = 0V = By.
Q.E.D.

27See Claim (9)
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